UNCLASSIFIED 


AD  NUMBER 


AD820303 


NEW  LIMITATION  CHANGE 
TO 

Approved  for  public  release,  distribution 
unlimited 


FROM 

Distribution  authorized  to  U.S.  Gov't, 
agencies  and  their  contractors;  Critical 
Technology;  AUG  1967.  Other  requests  shall 
be  referred  to  Rome  air  Development 
Center,  AFSC,  Griff iss  AFB,  NY. 


AUTHORITY 


RADC  USAF  ltr,  17  Sep  1971 


THIS  PAGE  IS  UNCLASSIFIED 


Best 

Available 

Copy 


RANSIENT  EEHAVIOR  OF  MICROWAVE  NETWORKS 


G.  Ross 
L.  Allen 
R.  Smith 
L.  Susmon 

Sperry  Rand  Research  Center 


This  doewBsn?  is  subject  to  speciat 
expost  controls  end  each  transmittal 
to  foreign  governments,  foreign  na¬ 
tionals  or  representatives  thereto  may 
be  made  only  with  prior  approval  of 
RADC  (EMLI),  GAF3,  N.Y.  13440 


F<  REWORD 


This  final  report  has  been  prepared  by  Gerald  F.  Ross,  Lsmar  Allen, 
Robert  Smith,  Leon  Susman  of  Sperry  Rand  K  -search  Center,  Sudbury,  Mass¬ 
achusetts,  under  Contract  AF30(602)-i*l80,  project  number  1*506,  task  num¬ 
ber  U50602.  Secondary  report  number  is  SRRC-CR-67-29.  RADC  project  eng¬ 
ineer  is  Vincent  C.  Vannicola  (EMATE). 

This  technical  report  has  been  reviewed  by  the  Foreign  Disclosure 
Policy  Office  (EMLI).  It  is  not  releasable  to  the  Clearinghouse  for  Fed¬ 
eral  Scientific  and  Technical  Information  because  it  contains  information 
from  release  to  Sino-Soviet  Bloc  Countries  by  AFR  1<00-1C,  "Strategic 
Trade  Control  Program. " 

This  report  has  been  reviewed  and  is  approved. 


Approved: 


VINCEHT  C,  VAHNICOLA 
Project  fccgineer 
Electron  Devices  Section 


ii 


ABSTRACT 


The  purpose  of  this  study  is  to  investigate  the  transient  behavior 
of  nonreciprocal  ferrite  devices  and  coupled  networks  which  are  used  in 
wideband  radar  and  communications  systems  to  process  signals  having  wideband 
spectral  content.  This  investigation  should  lead  to  a  better  understanding 
of  the  limitations  imposed  by  the  use  of  these  components. 

This  final  report  is  divided  into  three  major  component  study 
areas.  They  are: 

(a)  nonreciprocal  ferrite  devices  (e.g.,  isolators,  circulators) 

(b)  coupled  TEM-mode  networks  (e.g.,  the  quarter-wavelength  or 

parallel-line  coupler) 

(c)  coupled  waveguide  networks  (e.g.,  the  sidewall  coupler). 

In  addition,  a  major  subsection  is  de-vcted  to  determining  the  utility  of 
describing  the  transient  behavior  of  a  microwave  network  by  a  single 
parameter  in  the  frequency  domain,  namely,  "the  bandwidth.” 

New  methods  are  introduced  to  evaluate  transients  in  microwave 
networks  in  both  the  study  of  ferrite  and  waveguide  networks;  in  the  former 
area  s  microstrip  circulator  is  suggested  for  wideband  application.  A  new 
definition  of  effective  bandwidth  for  microwave  networks  is  offered  which 
considers  energy  stored  in  the  natural  modes  oi  the  device.  Finally,  a 
novel  class  of  parallel-line  couplers  whose  impulse  response  is  time 
limited  is  introduced:  the  impulse  response  consists  of  two  delayed 
impulses. 

Both  the  theoretical  and  experimental  portions  of  this  study  em¬ 
ploy  a  time  domain  analysis  as  opposed  to  the  conventional  frequency  domain 
approach.  It  is  shown  that  a  time  domain  analysis  yields  considerable  in¬ 
sight  and  suggests  new  network  models.  The  measurement  and  analysis  tech¬ 
niques  presented  in  this  study  are  outgrowths  of  efforts  on  two  previous 
Air  Force  sponsored  programs,  namely,  "The  Transient  Behavior  of  Large 
Arrays"  (AF30(60?)-3348>  and  "The  Transient  Behavior  of  Radiating  Elements" 
(AF30(602)-4050) . 
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EVAHMTX03 


The  objective  of  this  contract  is  to  establish  optimum  approaches? 
for  evaluating  the  performance  of  certain  nonreciprocal  and  coupled 
broadband  microwave  network i.  The  contractor  Bade  extensive  use  oi  the 
tiaa  deaaifl  and  the  transient  response  in  conducting  these  investlfeatidtiB. 
It  is  shown  that  such  appioaches  give  rise  to  effective  methods  of  ana¬ 
lyses  and  evaluation  where  conventional  approaches  tend  to  be  laborious 
and  unwieldy,  The  techniques  established  here  will  provide  a  timpr  oraua 
approach  to  microwave  and  systems  engineers  so  that  the  design  and  eval¬ 
uation  of  broadband,  components  can  be  accomplished  through  an  optimised 
procedure. 


SECTION  I 


i?rr  REDUCTION 

(G.  F.  Ross,  Sperry  Rand  Research  Center) 

1.1  GENERAL 

This  final  technical  documentary  report  cavers  work  performed 
during  the  period  28  May  thru  2  June  1967,  under  Contract  No.  AF30(602)-*4i80 
for  the  Rome  Air  Development  Center,  Research  and  Technology  Division,  Air 
Force  Systems  Command,  Griffiss  Air  Fores  Base,  New  York  by  the  Sperry  Rand 
Research  Center,  Sudbury,  Massachusetts  in  cooperation  with  the  Sperry  Micro' 
wave  Electronics  Company,  Clearwater,  Florida  and  the  Sperry  Gyroscope  Com¬ 
pany,  Great  Neck,  New  York, 

1.2  THE  PURPOSE  OF  THIS  PROGRAM 

The  purpose  of  this  program  is  to  study  the  transient  behavior  of 
certain  nonreciprocal  and  coupled  microwave  networks  in  an  attempt  to  under¬ 
stand  their  properties  when  excited  by  signals  having  wideband  spectral  con¬ 
tent..  Previous  Air  Force  Sponsored  programs  have  anel-y-ted  the  transient  be¬ 
havior  of  reciprocal  and  connected  T£M-mede  and  wavogwice  junctions  used 
in  the  feed  networks  of  array  systems^  and  the  properties  of  different  ra¬ 
diating  elements*. 

In  particular,  this  program  contains  an  analysis  of  nonrecip¬ 
rocal  ferrite  networks  (e.g. ,  isolators,  circulators,  phase  shifters  etc.), 


t  G.  Rc§s,  L.  Sussan,  G.  Hanley,  "The  Transient  Behavior  of  Large  Arrays”, 
HAD€-ia»64-5ei  (June  1965) . 

"  G.  Ross,  8;  Bates,  Susihgn,  S.  Hanley,  et  ai.  “Transient  Behavior  of 
of  Radiating  Elements",  AF30(602)40S>  (November  1966). 


and  an  analysis  of  TEM-mode  coupled  networks,  and  the  (waveguide)  sidewall 
coupler.  In  addition,  this  study  includes  an  investigation  to  determine  the 
utility  of  describing  the  transient  behavior  of  a  network  or  a  system  of 
networks  by  a  single  parameter  in  the  frequency  domain,  namely,  the  "band- 
width**. 

The  results  of  this  p^gram,  together  with  the  results  from  pre¬ 
vious  programs  provide  additional  insight,  new  analytical  tools,  and  design 
data  for  the  systems  engineer.  The  contents  of  this  report  are  described 
in  the  next  subsection. 


1.3  CONTENTS  OF  THIS  REPORT 


This  report  is  divided  into  four  major  subsections.  They  are: 

«  Ferrite  devices  (Sec.  II) 
e  Defining  a  "bandwidth**  parameter  (Sec.  Ill) 

»  TEK  ‘’wideband**  coupled  networks  (Sec.  IV) 

»  Sidet?all  waveguide  coupler  (Sec.  V) 

Section  II  contains  a  literature  survey  of  :*elated  work  (Sec. 

2.2.1)  and  a  qualitative  discussion  of  the  intrinsic  limitations  on  tran¬ 
sient  behavior  in  ferrite  devices  (Sec.  2*2.2).  The  theoretical  problem  of 
wave  propagation  in  ferrite  media  and  is  ferrite-leaded  transmission  lines 
is  analyzed  in  Section  2,2.3.  This  analysis  starts  with  Maxwell’s  equations 
and  develops  an  expression  for  the  system  function  using  Laplace  transform 
techniques:  an  analytical  and  a  computer  solution  for  finding  the  inverse 
transform  of  ihr  system  function  is  presented  in  Appendix  A.  The  results 
of  the  experimental  studies  are  presented  in  Section  2.3.  Here,  the  isolator, 
the  circulator,  the  helical-line  digital  phase  shifter,  and  the  gyroraagnetic 
coupler  ere  experimentally  evaluated. 


In  Sect.iw;:  III  the  utility  of  describing  xne  transient  behavior 
of  a  microwave  network  by  its  "bandwidth”  is  discussed.  In  Section  3.2 
some  of  the  conventional  lumped-circuit  definitions  of  bandwidth  are  re¬ 
viewed.  New  defini  .ions*  which  may  be  applied  to.  distributed  microwave  net¬ 
works  are  discussed  in  Sec.  3. 3.  In  paftldcilc^V  one  definition  involving  a 


new  quality  factor  is  appealing:  the  ordinary  definition  of  Q  proves 

to  be  a  narrow-band  concept  and  must  be  extended  for  microwave  network  appli¬ 
cation.  The  concept  of  Q  is  reviewed  in  Appendix  B  and  it  is  shown  in 
Appendix  C  that  the  transfer  function  of  a  network  is  an  implicit  function 
of  tnc  quality  factor.  Also,  in  Section  3.3  several  examples  that  show  the 
deficiencies  of  conventional  bandwidth  definitions  are  offered.  A  time-fre¬ 
quency  domain  technique  for  analytically  and  experimentally  evaluating  the 
"wideband”  Q  factor  is  described  in  Section  3.4.  The  technique  is  applied 
to  the  analysis  of  commensurate-line  TEH-mode  networks  in  Section  3.5:  appli¬ 
cations  to  certain  networks  are  offered  in  Section  3.6,  while  experimental 
results  are  given  in  Section  3.7.  Conclusions  are  presented  in  Section  3.8. 

In  Section  IV  the  transient  behavior  of  coupled  lines  is  investigated. 
In  Sections  4.2  and  4.3  the  impulse  response  constraints  necessary  for  the 
conventional  coupled-line  directional  coupler  are  derived  and  the  transient 
response  is  carefully  studied.  In  Section  4.4  a  new  directional  coupler  that 
has  a  time-limited  impulse  response  is  developed.  Section  4.5  is  a  discus-- 
sion  of  the  experimental  results  for  three  different  1.35  GHz  conventional 
coupled-line  directional  couplers;  the  results  are  then  compared  to  theo¬ 
retical  piedictions. 

The  transient  response  of  sidewall  couplers  is  considered  in  Sec¬ 
tion  V.  This  particular  waveguide  component  was  chosen  for  detailed  inves¬ 
tigation  because  (1)  it  is  commonly  used  in  modern  radar  systems  and  (2)  the 
mathematical  techniques  appropriate  to  its  analysis  are  applicable  to  a  very 
large  class  of  microwave  structures.  In  Section  5.2  the  previous  work  on 
the  transient  response  of  straight  sections  of  waveguiue  is  briefly  reviewed. 

In  Section  5.3  the  results  for  straight  sections  of  waveguide  are  used  to 
provide  the  basis  for  the  analysis  of  the  sidewall  coupler.  The  sidewall 
coupler  is  considered  as  a  cascade  connection  of  straight  sections  of  wave¬ 
guide  coupled  together  by  a  straight  section  of  uniform  guide  capable  of  sup¬ 
porting  higher  order  modes.  Section  5.4  presents  the  experimental  results 
for  the  impulse  and  step-modulated  response  of  an  L-band  sidewall  coupler. 


1.4  PROGRAM  ORGANIZATION 


This  program  is  directed  by  Or.  Geraid  F.  Ross,  Department  Head 
for  Microwave  Network  and  Ai.tenna  Research  at  the  Sperry  Rand  Research  Center, 
where  Mr.  Robert  S.  Smith,  Research  Staff  Member,  is  a  co-investigator.  This 
center’s  investigative  activities  consisted  of  defining  bandwidth  for  wide¬ 
band  microwave  systems  and  evaluating  the  performance  of  TEM-mode  coupled 
networks , 

At  the  Sperry  Microwave  Electronics  Company,  Clearwater,  Florida, 

Dr.  Lamar  Allen,  Research  Staff  Member,  was  responsible  for  the  study  of 
ferrite  devices.  This  program  included  both  a  theoretical  and  an  elaborate 
experimental  effort. 

At  the  Sperry  Gyroscope  Company,  Mr,  Leon  Sesman,  Senior  Engineer, 
was  responsible  for  the  theoretical  ard  experimental  studies  relating  to 
waveguide  networks. 

Since  this  study  was  a  three-center  effort  involving  several  Scien¬ 
tists,  it  was  decided  to  identify  the  contributions  of  the  investigators  by 
placing  their  names  (in  parenthesis)  next  to  each  major  section. 


SECTION  II 


FEBRITE  DEVICES 

CL.  Allen,  operry  Microwave  Electronics  Company) 

2.1  INTRODUCTION 

The  objective  of  this  phase  of  the  study  is  to  advance  the  under¬ 
standing  of  the  transient  behavior  of  ferrite  devices  through  a  olosely 
coordinated  theoretical  ard  experimental  effort.  Both  the  intrinsic  limi¬ 
tations  of  the  transient  response  of  the  ferrite  itself  and  the  transient 
behavior  of  several  typical  operational  ferrite  devices  are  examined, 

2.2  THEORETICAL  STUDIES 

2.2.1  General 

The  theoretical  effort  is  concentrated  on  the  related  areas  of: 
(1)  intrinsic  transient  phenomena  in  ferrites,  and  (2)  transient  behavior 
of  typical  ferrite  devices.  A  literature  survey  carried  out  early  in  the 
program  revealed  few  papers  that  were  directly  related  to  the  rf  transient 
behavior  of  ferrite  devices.  The  most  pertinent  papers  are  those  by  Suhl, 
Schloemann,  and  Shaw  et  al.  Suhl  and  Schloemann  are  both  principally  In¬ 
terested  in  high-power  or  nonline°r  effects,  Shaw  and  his  colleagues  are 
attempting  to  develop  a  short-pulse  microwave  generator  based  on  transient 
phenomena  in  ferrites.  (See  references  1-8  in  the  bibliography.)  During 
this  pregram  an  effort  was  made  to  formulate  the  theoretical  study  of 
transients  in  ferrite  devices  directly  in  the  time  domain. 

2.2.2  Some  Cocments  on  Intrinsic  Transient  Behavior 

There  are  yarious  intrinsic  relaxation  and  excitation  times  as¬ 
sociated  with  a  ferrite.  For  example,  there  is  a  spin-lattice  relaxation 
time  (which  is  a  measure  of  the  length  of  time  required  to  transfer  energy 
from  the  uniform  precession  mode  to  the  lattice)  and  there  is  a  spin-spin 
relaxation  time  (which  is  a  measure  of  the  time  required  to  transfer  energy 
from  the  uniform  precession  mode  to  higher.rorder  jspin  waves),  Tha  spin- 
spin  relaxation  time  for  a  typical  material  might  be  of  the  order  of  a  few 
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nanoseconds,  while  the  spir-lattice  relaxation  time  for  the  same  material 
would  be  of  the  order  of  a  hundred  nanoseconds.  An  important  parameter  in 
the  study  of  transient  behavior  of  ferrite  devices  is  the  excitation  time 
for  the  uniform  precession.  Excitation  times  for  the  uniform  precession 
mode  appear  to  be  of  the  order  of  100  picoseconds.  From  the  time  that 
the  unifexci  precession  is  established  until  that  time  when  loss  of  energy 
to  spin  waves  occurs  at  a  significant  rate,  the  uniform  precession  is 
essentially  an  undamped  mode  of  oscillation  for  the  magnetic  moments  of 
material. 


2.2.3  Transient  Wave  Propagation  in  an  Infinite  Ferrite 

Before  investigating  the  transient  behavior  of  particular  ferrite 
devices,  consider  the  case  of  wave  propagation  in  an  infinite  ferrite 
medium.  An  electromagnetic  wave  in  a  ferrite  can  be  represented  mathe¬ 
matically  by  the  following  three  coupled  equations! 

Vx  (h  +  H„)  =  e  H  C2.2) 

||=  y(«  +  H,,)  x  (h  +%,)}  -  +Ho)  xff)  (2.3) 


whe  re 


e  =  time-varying  electric  field 
h  =  time-varying  magnetic  field 
ffi  -  time-varying  magnetization 
Hq  =  static  magnetic  f.  r.J 
«  =  dielectric  constant 
H0  =  permeability  of  free  space 
Y  =  gyromagnetic  ratio 
cr  =  damping  parameter, 
it,  =  static  magnetization 
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Assume  that 


Ho  =  urH0 


where  u  is  the  unit  vector  in  the  z  direction- 


Then,  in  the  small  signal  ca£e  Eq.  2.3  can  be  written  in  expanded  form  as 


b® 

Y  {  Homy 

*  My)** 

Sm 

X 

at  “ 

_ 1 

at 

3m 

3m 

_X  _ 

at  ~ 

-< 

J* 

3 

X 

Haahx}-or 

X 

at 

3m_ 

z 

at  “ 

0 

(2.4) 


If  it  is  further  assumed  that  the  time  varying  magnetization  and  magnetic 
field  are  zero  at  the  initial  instant,  then  t  =  0  .  Then  taking  the 
Laplace  transform  with  respect  to  time  of  Eq.  2^4  yields 


sm 


■S  {Oy  “  *0* y }+<*{smy) 

Sffly  =  Y  {-Homx  +  -  Qf{smx) 


(2.5) 


sm  =  0 
z 


where  s  =  Laplace  transform  parameter,  m  =  L{m  }  ,  etc.  Solving, for 

A  ^  ’  1  V  X  V  X.r  .  "r  '  *  i  » 


m.j  and  o_  in  terms  of  h  and  £  viAirfc 

a  7  X  y  - 


1 0  i  . _ 


-  T  V-V^VVa.. 

- 


(2.6a) 


f; 


.iS 


The  plane-wave  solution  has  the  for"!* 


h 


•  f) 


(2.11) 


where  g  is  a  function  of  s  and  material  parameters  but  not  of  the 
coordinates  x,  y,  and  z,  and 

n  =  unit  vector  in  the  direction  of  propagation 
r  =  displacement  vector  . 

A 

Thus,  for  h  as  given  in  Eq.  2.11 


V(V  •  ft)  =  ?  (rs  *  * )  n 


3-  a  I)i 
V  h  =  ?  n  h 


(2.12) 


Substituting  Eq.  2.12  into  Eq.  2.10  yields 


5  [-  n  S  +  (a  •  i)  b]  s  ii  (2.13) 


Assume  that  he  applied  dc  magnetic  field  is  in  the  z  direction  and  the 
propagation  vector  is  in  the  xz  plane,  sc  that  ~  0,  n^.  =  sin  0  ,  tnd 
n  =  cos  0  ,  where  0  is  the  angle  between  the  direction  of  propagation 
end  the  dc  magnetic  field.  Expanding  Eq.  2.13  into  its  three  rectangu¬ 
lar  component  equations  yields  three  homogeneous  linear  equations  in  ft  t 

A  A  * 

h  ,  and  h  .  The  determinant  of  the  coefficients  must  vanish  for  c 

y  z 

nontrivial  solution;  thus 


-5  cos  0  -*•  s 

j8%oS 

s 

g  sin  0  cos  0 


s«P-0K 

z  0 

-?  +  s  ep0js 


g  sin  0  cos  0 


a 


(2.14) 


.  s  a  . 
sjn  0  *  s  j 


=  0 


^See  Be fere nee  10  for  a  similar  analysis  in  the  frequency  domain. 
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where  p  =  1  +  xvv  and 

XX 


K  =  ~  Jx 


yx 


Expanding  the  determinant  and  solving  for  ?  yields 


3  2 

§*  --  *  h,e 


S'  t)  3  g  r  j  38*  g  g  ”1  ^ 

/  (4  -  u  -  K  )  sin  0  +  Zi  -fc  L(Ui  -u-K  )  sin  0  +  4K  cos  0J  / 


L 


3  3 

2  (cos  0  +  p  sin  0) 


J 

(2,15) 


The  field  is  then 


h  =  H,e 


-§  ±  (n  •  r) 


(2.16) 


where  g±  is  given  by  Eq.  2.15  .  The  transient  response  can  be  deter¬ 
mined  by  taking  the  inverse  Laplace  transform  of  Eq.  2.16  .  However, 

§  is,  in  general,  such  a  complicated  function  of  z  that  inversion  cannot 
be  carried  out  analytically. 


2. 2.3.1  Transverse  Field 


A  special  case  of  particular  interest  is  that  in  which  the 
direction  of  the  applied  dc  magnetic  field  is  perpendicular  to  the  direc¬ 
tion  of  propagation.  Then  the  value  of  0  in  Eq.  2.15  is  TT/2  and  ? 
becomes 


5+  =  s 


8  S  l 

L . .-J£  1 


(2.17a) 


I-  =  s  ^p0« 


(2.17b) 


Suppose  propagation  is  in  the  y  direction  and  the  dc  magnetic 
field  is  applied  in  the  z  direction.  The  solution  f-  then  represents 
a  wave  with  the  rf  magnetic  vector  in  the  z  direction  and  the  rf  electric 
vector  in  the  x  direction.  In  this  case  the  rf  magnetic  field  .!oes  not 
interact  with  the  spin  dipoles  of  the  ferrite  and  the  material  resembles 
a  simple  dielectric. 


.1  r 


10  - 


i 


Consider  a  plane  wave'  which  is  zero  for  t  s  0  propagating 

in  the  +y  direction.  At  y  =  0  let  the  form  of  the  wave  be  specified  by 

h(0,t)  =  u  h  (0,t)  =  u  f(t),  so  that 
z  z  z 


L  {  h  (0,t)  }  =  £(s ) 
'  z 


If  the  ferrite  has  a  conductivity  a  ,  Ea,  2.17b  becomes 


?-  =  s 


4 


u0«  + 


Then 


^(y.s)  =  f(s)  e 


y 


(2.18) 


9 

Stratton  has  provided  the  necessary  transform  pairs  for  inverting  this 
function.  The  result  is 


hz(y,t) 


«t  -  /My) 


(2.19) 


a 


L 


f(3)exp~3|r  Jo 


«  US. 


z8-^(t-p)8 


Id0 


which  represents  a  damped  wc^e  traveling  in  the  +y  direction  in  a  dis¬ 
sipative  dielectric.  For  y  =  0,  h^(0,t)  =  f(t)  for  ail  t  >  0.  The 
first  term  results  in  a  delayed,  weighted  replica  of  the  input  signal  f(t); 
the  second  term  introduces  the  distortion. 

If  propagation  is  in  the  y  direction  and  the  rf  magnetic  field 
lies  in  the  xy  plane  transverse  to  the  applied  dc  magnetic  field,  inter¬ 
action  bet^en  the  rf  magnetic  field  and  the  spin  dipoles  does  take  place 
ani  |+  is  the  appropriate  solution.  In  this  case  the  wave  is  transverse 
electric  and  the  x  and  a  components  of  the  rf  fields  can  be  expressed  in 
teras  of  the  y  component  of  the  rf  magnetic  field.  The  system  function  for 
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this  wav®  corresponding  to  the  rotio  of  ft„  components  at  y  and  y  =  0 


is  given  by 


Ux,y,a,s) 


(2,20) 


h  (x,o,z,s) 

y 


where  n  -~  x^.  K  -  -  jxyx  ,  and  x^  and  Xyx  are  given  by  Eq.  2.7  . 


The  inverse  Laplace  transform  of  the  right  hand  side  of  Eq.  2.20  is 
then  the  impulse  response  of  the  ferrite  under  the  specified  conditions. 
Unfortunately,  this  is  a  very  complicated  function  of  s  and  direct  in¬ 
version  has  not  been  possible.  It  is,  however,  apparent  that  the  impulse 
response  will  consist  of  a  delayed  replica  of  the  ’nput  plus  a  series  of 
Bessel  function  terms  -’Mels  represent  distortion. 


2. 2.3. 2  Longitudinal  .xeld 


Another  special  case  of  considerable  interest  is  that  in  which 
the  direction  of  propagation  is  parallel  to  the  applied  magnetic  field. 

A  A  .2*  — 


For  this  case  n  =  n  =  0,  n  =1,  and  h  =  fL  e 

*  V  z  v 


Eq:.  2.15 


then  becomes 


§±8  =  s8  iiae  (p  ±  K) 


(2.21) 


For  this  case  the  tj^es  of  functions  that  must  be  inverted  to  obtain  the 
impulse  response  a”**  of  ?,he  form 


s  /50s(*i  =k  K) 


(2.22) 
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Tnis  function  is  also  quite  complicated  and  a  direct  analytical  inversion 
has  not  been  possible.  However,  if  Hj  is  set  equal  to  zero  then  Eq.  2.22 
reduces  to  the  form  of  Sq.  2.18  and  can  be  inverted  to  yield  a  delayed 
and  attenuated  replica  of  the  input  signal  plus  distortion  terms  similar 
to  the  result  shown  in  Eq.  2.19  .  In  the  general  case  the  response  is 
more  complicated  but  similar  in  form.  An  approach  tc  the  inversion  of 
functions  like  Eq.  2.22  in  terms  of  a  series  expansion  is  given  in. 
Appendix  A.  A  computer  program  for  inverting  complicated  unilateral  Laplace 
transforms  like  Eq.  2.22  has  just  been  completed  under  this  contract.  The 
details  are  net  reported  here  because  of  time  limitations.  To  check  the 
technique,  the  inversion  of  Eq.  2.22  was  accomplished  and  compared  to  the 
series  solution  (see  Appendix  A).  It  appears  tnat  this  program  should 
have  considerable  utility  in  future  transient  analyses. 


2.2.4  Transient  Behavior  of  Bounded  Media 


The  exact  analysis  of  the  transient  performance  of  microwave 
devices  presents  such  formidable  mathematical  difficulties  that  one  of 
necessity  attempts  various  approximate  calculations.  Variational  and 
perturbutional  techniques  appear  particularly  interesting.  Frequency- 
domain  formulations  of  such  techniques  can  be  found  in  many  books  and 
articles.10,11  Similar  formulations  in  the  s  domain  are  also  possible. 

Let  L  ( e  (x,y,z,t)^  =  e(x,y,z,s)  ,  etc.  Kaxwell's 
equations  for  linear,  isotropic  homogeneous  media,  after  Laplace  trans¬ 
formation  with  respect  to  time  (with  p  =  0,  J  =  0),  become 


V  x  e  =  -  s  (A  h 

1  & 
n  •*  u  -  -  -  p 

T  A  II  “  O  *  U 

(2.23) 

V  •  h  =0 

V  *  e  —  0 


Suppose  that  the  fields  in  a  waveguide  are  of  the  form® 

e  =  e  (x,y)  e  ^  (2.24) 

*  This  is  a  crucial  step  for  tha  work  that  follows.  Often  oss  s ssunss  that 
In  symmetric  junctions  the  field  can  be  expressed  as  the  product  of  two 
terns:  one  a  function  of  the  coordinate  system  and  one  a  function  of  tins®. 
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where  V  =  function  of  s  but  not  of  coordinates. 

A 

e  =  function  of  x,  y  but  not  of  the  complex  variable  s, 

-  -Tz  r  *■  ~  x  \ 

cxe  =  e  <  Vx?  -  F  u  x  e  j 

'■  z 

-  -rz  r  s  -  -  \ 

VxD  =  e  <  7xh  -  Tv  x  h  J 

'  z 


(2.25) 


Substituting  Eq.  2.25  into  Eq.  2.23  and  scalar  multiplying  the  first 

X  * 

of  equations  2.23  by  h  ,  the  secona  by  e  ,  and  then  finding  the  dif¬ 
ference  between  the  two  resulting  equations,  we  obtain 

!C  X  SLjl  ££ 

v  •  e  x  h  +  s  <nh*h  +  ee*e)  =  2T  e  x  h  •  u 

z 


Integrating  over  the  cross  section  of  the  waveguide,  we  obtain 


j*f  r.  a. 
_  J j(s a h  •  h 


'i.  t  Y  1  * 

h  ste  *e»  7»e  xh)  da 

affix  I  •  s  d. 

J  J  z 


(2.26) 


From  the  identity 


X  V  »  y  * 

oxhda  =  nexh 

•© 


s  dj£ 


tne  third  term  in  the  numerator  of  Eq.  2.26  vanishes  if  n  x  e  =  0 
on  c  .  Hence ; 


This  formula  for  T  is  stationary  if  the  trial  fields  are 

_  j> 

selected  so  that  n  x  e  -  0  on  c.  Equations  similar  to  Eq.  2.27 
£  2  1 
involving  e  or  h  fields  only  can  be  obtained  by  eliminating  h  or 

v  £ 

e,  resj'actively,  from  Eqs.  2.23  and  proceeding  as  above.  The  e  -  field 
result  is 


je  jj  (Vxe)  ♦  (Vxe)-s  ce  *  e  /da 


j'XC. 


“(52x1) 


Cu„  x  e>3  da 


(2.28) 


which  is  stationary  if  nxe  =  0onc.  The  result  for  the  i>  -  field  is 


r*  = 


(7  x  h)  •  (V  x  h)  -s  |*  h 


•f  > 


da 


J'J[e”1(uz  x  ii)  •  (5z  x  h)]  da 


(2.29) 


V 

which  is  stationary  with  no  boundary  conditions  required  on  h  .  Similar 

results  can  be  obtained  for  anisotropic  media  as  illustrated  by  the  fre- 
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quency  domain  results  of  Berk. 
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compute  the  transient  response  of  microwave  devices,  consider  a  dielectric- 
loaded  waveguide  consisting  of  a  single  full-height  dielectric  blab  in 
the  center  of  a  rectangular  waveguide,  as  shown  in  Fig.  2.1, 


FIG.  2-1  A  dielectric  slai>  in  the  center 
,  r  ,  r-,  of  ^.recfangulaE  wavag^de^-.^ 
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As  a  trial  field,  tajte 


i  =  5y  sin  f-e"rz 

corresponding  to  the  dominant  TE-mode  propagation  and  use  Eq.  2.28  . 
The  result  is 
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where 


(2.30> 


The  transverse  field  can  m  obtained  from  the  longitudinal  magnetic  field 
through  Maxwell's  equations.  The  "transfer  function"  for  the  longitudinal 
magnetic  field  is 


V 


(2.31) 


If  d  =  0  then  Eq.  2.31  reduces*  to. 
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■ix,j,zys)  - 


£*Cx,y»o7sJ 
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i  a 


(2.32) 


which  is  the  exact  equation  for  the  empty  waveguide  ea$e. 

t-iJnha  t.  >f*. $/.  oiiideletb  "  >-u  ,tfii 

The  impulse ;'zielspCflie!  ccrtts-sp/dn’dfng  tti  Eq.  2.31  is 


Hz(xfy,z,t) 

i£(x,y,o.t) 


caz 

c.z)  -  -  - 

1  rr  - 


t  -  (CjZ) 


xz)0) 


u(t  -  Cxz) 


(2.33) 


The  transfer  functions  and  Impulse  responses  for  the  transverse  components 
can  be  determined  in  the  manner  indicated  in  Sec.  5.2.1.  The  frequency 
domain  formula  corresponding  to  Eq.  2.30  was  found  by  Berk  to  yield  0.!$ 
accurac  when  the  dielectric  constant  of  the  loading  slab  was  relatively 
small.  T>e  dielectric-loaded  waveguide  example  given  above  illustrates 
the  powe  the  variational  technique  when  applied  to  the  transient 
analysis  r.icrowave  devices. 

Perturbation  techniques  such  as  those  discussed  by  Lax  and 
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Button  for  the  frequency  domain  can  also  be  applied  in  the  s  domain. 

As  an  example,  consider  the  change  in  transient  response  due  to  the  in¬ 
troduction  of  a  transversely  magnetized  ferrite  rod  into  a  rectangular 
waveguide,  as  in  Fig.  2-2. 


FIG.  ?-2  A  transversely  magnetized  ferrite  rod  in 
a  rectangular  waveguide. 


The  fields  of  the  unperturbed  waveguide  are  assumed  to  ue  those 
of  the  TT.jq  mode.  The  propagation  faclor  of  the  perturbed  guide  as  a 
function  of  s  is  found  to  -be 


r  ,  -  r  +  s-8  eQ  .M  I  «  -«o  I 

1  *  ~  *e  +  17a  1  ! 


‘6  i 


.  8 

sin  kx 


6a  ,  _  8  .  9  SC  _  3 

+  AT~  (Xxx  r°  sin  **  ~  xyyk  cos  ^  ±  Xxy  k  ro  sin  M 


(2.34) 


where 


ro  ~  fiZZ  J‘- 


8  8 

s  k 


AA 

A 

X 


xx 


cross-sectional  area  of  ferrite  rod 
cross-sectional  area  of  waveguide 

xyy  and  Xxx  and  Xyx  ar5  0iven  by  Eq*  2,7  ' 


fhe  longitudinal  h-field  transfer  function  for  the  ferrite- 
loaded  guide  is 


bjx.y.z.s)  _r 

- =  e  '  £  3 

hi x,o,z,s ) 


(2.35) 


where  F  £  is  given  by  Sq.  2.34  and  F*  is  for  a  do  bias  field  in  the 
+  z  direction,  while  F_  is  for  a  dc  bias  field  in  the  -z  direction. 
Since  Xjjjj  and  are  complicated  functions  of  s  ,  Eq.  2.35  will 

be  quite  difficult  to  invert.  If  inversion  can  be  achieved,  the  inverse 
transform  will  be  the  impulse  response  for  the  longitudinal  h  field  of 
the  ferrite -loaded  wa.ieguide.  Note  that  in  the  case  where  AA  is  zero, 
Eq.  2.34  reduces  t<r  rQ  ,  the  propag-tion  factor  for  the  ‘unperturbed  or 
etspty  waveguide. 
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It  certainly  appears  that  variational  and  perturbational  methods 
will  be  very  useful  in  transient  analysis.  However,  the  general  validity 
of  the  methods  in  the  s  domain  needs  to  be  carefully  examined.  In  a  brief 
literature  survey  no  publications  were  found  in  which  transient  analysis 
was  carried  out  by  such  techniques. 

2.3  EXPERIMENTAL  STUDIES 

2.3.1  General 

A  number  of  ferrite  devices  were  studied  experimentally. 

Device  types  were  selected  such  that  the  effect  of  the  ferrite  on  transient 
response  could  be  examined  with  the  ferrite  operating  in  a  variety  of 
magnetization  states  ii.e.,  below  resonance,  at  resonance,  in  the  remanent 
state,  etc.). 

The  transient  response  of  each  ferrite  device  selected  for 
study  was  determined  utilizing  the  pulse  generator  furnished  by  SREC  and 
a  time-domain  re  Hectometer.  The  e:qserimental  apparatus  configuration  is 
shown  in  Fig.  2-3.  The  devices  examined  were  coaxial  resonance  isolators, 
stripline  and  microstrip  circulators,  a  helical-line  ferrite  digital  phase 
shifter,  a  dielectric-loaded  helical  line,  and  *»  gyvomagnetie  coupler 
filter. 


2.3.2  Isolators 

The  transient  behavior  of  resonance  isolators  has  been  probed 
by  determining  the  response  of  two  coaxial  resonance  isolators  to  8  cycles 
of  a  J500  HHz  pulse -modulated  signal  and  to  a  very  short  spike  or  impulse 
of  energy.  The  measured  frequency  response  of  each  of  the  two  isolators 
is  as  follows:* 


•  Also  see  Fig.  2-8. 
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FIG.  2-3  Block  diagram  of  experimental  apparatus. 
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Oscilloscope  pictures  of  the  reference  pulse  and  the  forward  and 
reverse  response  of  the  broadband  (D44L15)  isolator  are  shown  in  Fig.  2-4, 
The  forward  response  indicates  that  the  pulse  is  transmitted  in  tne  forWdrd  “ 
direction  essentially  unchanged  in  fora  and  attenuated  by  an  amount,  cor¬ 
responding  to  the  stbady-statb  attenuation  (i.e.r  about  0.6  dB  at,  1.5  GHz). 

Stoat  first  half-cycle  of  the  forward  output  is  attenuated  more  .than  the 
*  ' v  .* 
steady-state  v&lue-’is  probably  due  to  the  tenth  of  a  nanosecond  or  sp  Jte-„ 

quired  to  establish  the  uniform  precession  mode  in  the  ferrite. 

The  reverse  direction  response  of  the  isolator  exhibits  an  isola¬ 
tion  lowtr  than  the  steady-state  value  foi1  the  initial  few  tenths  of  a 
nanosecond  because  of  the  time  required  to  excite  the  uniform  precession 
mode  For  somewhat  more  than  a  nanosecond  after  the  uni  fora  precession 
mode  is  established,  there  is  essentially  no  damping  by  energy  transfer 
to  spin  waves,  and  the  uniform  precession  apparently  builds  up  to  s  largo 
val  e,  making,  the  isolation  greater  than  its  stesdv-sfate  value.  Aftar 


(b)  Response  of  Adapters  Used  in  Test 
(Vert  x20,  Hor  1  nsec/ cm) 


(c)  Forward  Pulsed  Sinusoid  Response,  (d)  Reverse  Pulsed  Sinusoid  Response, 

D44L15  (Vert  x20,  Hor  .1  nsec/ cm)  D44L15  (Vert  x20,  Hor  1  nsec/' cm) 


two  or  three  nanoseconds  the  isolation  settles  down  to  its  steady-state 
value.  The^e  comments  are  consistent  with  the  plot  of  measured  isolation 
vs.  time  depicted  graphically  in  Fig.  2-5.  The  behavior  of  the  isolation 
is  strikingly  similar  to  the  behavior  of  the  precession  a,<gle  9  ,  as 
illustrated  in  Fig.  2  of  reference  10  in  the  bibliography. 

The  response  of  the  broadband  isolator  to  r,  very  short  spike 
of  energy  is  shown  in  Fig.  2-6.  In  the  forward  direction  the  spike  is 
transmitted  with  little  attenuation  but  with  some  trailing  edge  distortion 
in  the  form  of  ringing.  In  the  reverse  direction;  the  pulse  is  attenuated 
by  about  6  dB.  This  corresponds  to  the  attenuation  of  the  first  half¬ 
cycle  of  the  pulsed  sinusoid,  as  shown  in  Fig.  2-5. 

Figure  2-7  shows  the  impulse  and  pulse -modulated  response  of  a  commercially 
available  narrow-band  coaxial  resonance  isolator  (.D44L17).  Both  the  for¬ 
ward  and  reverse  responses  are  similar  to  those  of  the  commercially  avail¬ 
able  broadband  unit.  The  bandwidth s  of  these  components  are  commonly 
specified  with  respect  to  tolerance  levels  on  the  isolation  and  the  in¬ 
sertion  losses.  However,  as  can  be  seen  from  Fig.  2-8,  although  the 
characteristics  of  the  D44L17  isolator  do  not  meet  the  specifications  neces¬ 
sary  for  classification  as  broadband,  the  frequency-domain  characteristics 
are  not  significantly  different  from  those  of  the  broadband  D44L15  unit. 

This  leads  one  to  question  the  utility  of  the  conventionally  accepted 
definition  of  bandwidth.  This  topic  is  discussed  in  detail  in  Sec.  III. 

2.3.3  Circulators 

The  transient  behavior  of  Y-junction  circulators  has  been  probed 
by  determining  the  response  of  four  stripline  circulators  and  a  microstrip 
circulator  to  an  impulse  and  to  a  pulse-moaulated  signal  of  8  cycle*  of  rf 
energy  at  1500  MHa. 

The  measured  frequency  response  of  three  of  the  stripline 
circulators  is  as  fellows: 
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(a)  Reference  Pulse  (Vert  x40, 
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(c)  Forward  Impulse  Response, 

D44L15  (Vert  x40,  Hor  1  nsec/ era) 


(b)  Response  of  Adapters  used  in 
Test  (Vert  x40,  Hor  1  nsec/cm) 


(d)  Reverse  Impulse  Response, 

D44L15  (Vert  x40,  Hor  1  nsec/ cm) 


(a)  Forward  Impulse  Response,  D44L17 
(Vert  x40,  Hor  1  nsec/ cm) 


(b)  Reverse  Impulse  Response,  D44L17 
(Vert  x40,  Hor  1  nsec/ cm) 


(c)  Forward  Pulsed  Sinusoid  Response, 
D44L17  (Vert  x40,  Hor  1  nsec/cm) 


(d)  Reverse  Pulsed  Sinusoid  Response, 
D44L17  (Vert  x40,  Hor  1  nsec/ cm) 
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The  frequency  response  of  the  fourth  stripline  circulator  is  shown  in 
Figure  2-9. 


FIG.  2-9  Insertion  loss  anf!  Isolation  for  a  standard -six® 
narrow-band  stripline  circulator. 


Photographs  of  the  two  stripline  circulator  types  are  shown  in 
Fig.  2-10.  Figures  2-lla,  2-llb,  and  2-llc  are  oscilloscope  pictures  of 
the  input-pulse,  the  transmitter-to-antenna-port,  and  the  antenna-to- 
trfaiismitter-port  response,  respectively,  with  the  receiver  port  termin¬ 
ated  in  50  ohms  for  the  D52L21  S/N  103  circulator  with  a  pulse -modulated 
input.  Figure  2-lld  is  an  overlay  of  Figs.  2-lla  and  2-llb.  The  trans¬ 
mitted  pulse  in  the  low-loss  direction  (T-A)  exhibits  substantially  more 
attenuation  than  the  steady-state  value  for  the  initial  cycle,  but  for  the 
remaining  7  cycles  the  attenuation  is  approximately  that  for  steady-state 
Operation.  On  the  trailing  edge  of  the  pulse  an  "extra”  half  cycle  of 
energy  can  be  seen;  this  probably  arises  from  the  release  of  stored 
energy  from  the  processing  magnetic  moments.  In  the  reverse  direction 
(A-x)  the  pulse  is  heavily  attenuated.  Again,  initially  the  attenuation 
is  somew..at  greater  than  the  steady-state  value,  but  after  a  cycle  or  tm> 
(i.e.,  1-2  nanoseconds)  the  attenuation  setvles  down  to  its  str.ady-state 
value.  As  expected,  the  responses  for  various  port  corabiirlicus  exhibit 
three-fold  symmetry.  Thus,  the  response  in  the  direction  of  circulation 
between  any  two  ports  is  indistinguishable  from  the  response  in  the  di¬ 
rection  of  circulation  between  any  other  pair  of  ports.  Similar  comments 
apply  to  the  response  between  any  pair  of  ports  In  the  direction  opposite 
to  that  of  circulation. 


The  pulse -module ted  responses  for  all  three  circulators  were 
very  similar  except  for  the  initial  cycie  or  so,  as  can  be  seen  by  com¬ 
paring  Figs.  2-11  and  2-12.  There  are  noticeable  differences  in  the 


impulse  response  for  the  two  different  circulator  models,  as  shewn  in 
Fig,  2-13.  Two  circulators  of  the  same  model  have  nearly  identical  im¬ 
pulse  responses  (Figs.  2-13o  and  2-13c).  Comparing  the  initial  cycles  of 


the  pulsed-sinusoid  responses  given  in  Figs.  2-11  and  2-12  with  the  impulse 
responses  of  Fig,  2-13,  reveals  that  the  initial  response  of  each  circu¬ 
lator  to  the  pulse -modulated  signal  seems  in  every  feature  to  be  very 
similar  to  the  impulse  response  for  that  circulator.  The  differences  in 
impulse  response  between  une  mtu  Cjl isior  koubIs  uao  D52i.ll)  which 

have  similar  steady -state  characteristics  arise  from  the  mechanically  dif¬ 
ferent  schemes  utilized  in  matching  the  devices  over  the  band  of  interest. 
Note  that  an  "impulse”  theoretically  contains  all  frequencies  with  equal 
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(a)  Reference  Pulse  (Vert  x20, 
Hor  1  nsec/ cm) 


(b)  T  -♦  A  Pulsed  Sinusoid  Response, 
D52L21  S/N103  (Vert  x'20, 

Hor  1  n see/ cm) 


(c)  A  -  T  Pulsed  Sinusoid  Response 
D52L21  S/N1Q3  (Vert  x2Q, 

Hor  1  nsec/ cm) 


(d)  Superposition  of  Reference  and 
T  -*  A  Response,  D52L.21  S/N103 
(Vert  x20,  Hox  1  nsec/ cm) 
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(a)  Reference  Pulse  (Vert.  x2G, 
Hor  1  nsec/ cm) 


(h)  X  -»  A  Pulsed  Sinusoid  Response, 
D52L21  S/N20  {Vert  x20, 

Hor  1  nsec/ cm) 
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(c)  A  -  T  Pulsed  Sinusoid  Response,  (d)  Superposition  of  Reference  and 
D52L11  S/N  20  (Vert  x20,  T  -*  A  Response,  D5S.11  S/N  20 

Hor  1  nsec/ cm).  (Vert  x20,  Hor  J  nsec/ cm) 
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(a)  From  Bottom  to  Top  Curves  are 
Reference  and  T  -*  A,  A  -*  T 
Impulse  Responses,  Respectively, 
D52L°i  S/N  103  (Vert  x20. 


Hor  1  nsec/ca) 


(b)  From  Bottom  to  Top  Curves  are 
Reference  and  T  -»  A,  A  -♦  I 
Imoulse  Responses,  Respectively, 
DS2L11  S/N  1  (Vert  x  20,  Kox 
1  nsec/ cm) 


(c)  Fron  Bottom  to  Top  Carves  are 
Reference  and  T  -*  A,  A  T 
Impulse  Responses,  Respectively, 
D52L11  S/N  20  (Vert  x20,  Hor 
1  nsec/ cm } 
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lighting:  the  pulse -modulated  signal  heavily  Weights  the  frequencies  ii 
the  band  of  interest. 

Figure  2-14  shows  the  impulse  and  pulsea-sissusoid  response  of  the 
narrowband  stripline  circulator  .vhose  frequency  response  is  shown  in 
Fig.  2-9.  The  response  shows  the  expected  differences  when  compared  to 
the  behavior  of  ehe  broader-bend  units.  The  primary  difference  is  in 
the  slos»r  rise  time,  the  pulsed  sinusoid  response  requiring  about  3  r£ 
cycles  to  reach  full  amplitude. 

The  frequency  characteristics  of  a  microstrip  circulator  are 
shown  in  Fig.  2-15.  The  frequency  response  is  seen  to  be  quite  narrow 
band.  To  provide  a  convenient  basis  for  comparison, the  frequency  re¬ 
sponse  chjracteri sties  of  the  narrow-band  stripline  circulator  discussed 
earlier  were  adjusted  to  be  nearly  identical  to  those  of  the  microstrip 
unit.  The  characteristics  of  the  narrow-band  stripline  unit  are  given 
in  Fig.  2-9.  The  same  type  of  ferrimagnetic  material  was  used  in  both 
circulators. 

A  comparison  of  the  t<me-domain  response  of  the  microstrip 
circulator  (Fig.  2-16)  with  that  of  the  stripline  unit  (Fig.  2-14)  re¬ 
veals  striking  similarities.  Indeed,  the  only  real  difference  is  in 
transmission  time  delay,  which  is  much  less  for  the  microstrip  circulator. 
Thus,  it  appears  that  circulators  with  radically  different  structures 
but  the  same  frequency  characteristics  will  have  very  similar  transient 
characteristics. 

The  puised-sinusoid  response  of  these  units  shows  a  "ptcuUsrity" 
in  the  response  of  the  isolated  port  in  the  fourth  rf  cycle.  The  sans 
peculiarity  is  found  in  broadband  structures.  This  behavior  appears  to  be 
relatively  independent  of  both  material  and  structural  parameters.  The 
cause  of  this  interesting  effect  is  not  yet  understood. 

2.3.4  Helical-Line  Ferrite  Digital  Phase  Shifter 

k  helical-line  phase  shifter  is  shown  in  a  cutaway  view  in 
Fig.  2-17.  The  transient  response  of  this  device  to  a  1500  HHz  pulse- 
moaulated  signal  and  a  short  spike  of  energy  has  been  experimented 'y 
determined. 
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(b)  Step-Modulated  Response 

(Vert  x  20;  Hor  x  1  nsec/cm) 


FIG.  2-14  The  transient  response  of  the  standard-size  narrow-band  circulator. 
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The  pul se -nodulated  responses  are  given  tn  Pig.  2-18.  The,  re¬ 
sponse  of  the  helical  line  with  all  the  ferrite  replaced  by  a  dielectric 
having  the  same  dielectric  Constant  as  the  ferrite  and  the  response  of 
the  ferrite-loaded  line  with  the  ferrite  toroid  latched  in  the  forward  and 
re'^rse  directions  are  also  shown.  The  time  delay  is  different  for  the 
ird  and  reverse  directions.  When  the  ferrite  is  in  the  line,  the 
difference  in  insertion  loss  between  the  first  half-cycle  and  following 
cycles  increases  compared  to  the  difference  in  insertion  loss  observed 
with  dielectric  only  in  the  line.  This  is  due  t<r  the  ferrite  magnetic 
losses  that  are  in  effect  after  a  nanosecond  or  so. 

Figure  2-19  3hows  the  responses  of  the  dielectric-loaded  helix 
and  of  the  ferrite-loaded  he’ix  t*>  a  shr't  spike  of  energy.  These  impulse 
responses  closely  resemble  the  first  cycle  of  the  pulse-modulated  re¬ 
sponses.  It  is  a^ain  apparent  that  essentially  stoady-statc  epcrsticr.  is 
achieved  within  roughly  three  cycles. 

2.3.5  Gyromaqnetlc  Coupler  Filter 

The  transient  response  of  a  gyromagnetic  coupler  filter  to  a 
pulse -module ted  signal  and  a  short  spike  of  energy  has  been  experimentally 
determined.  The  steady-state  characteristics  of  the  filter  are: 

3  dB  bandwidth  at  center  frequency  of  1.5  GHz  w  20  MHz 

Insertion  loss  at  1.5  GHz  «  2  dB 

Coupling  element  0.030-inch  diameter  GaVBiFe 

garnet  sphere,  AH  =  1.92  Oe,  4nMg=  520  G 

Figure  2-20a  shows  an  oscilloscope  trace  of  the  filter  bandpass. 
The  3  dB  bandwidth  is  about  20  KWz ,  Figures  2-20b  and  2-20c  are  the  input 
impulse  and  the  ispulse  response  of  the  filter,  respectively.  After  the 
first  eoupie  of  nanoseconds  the  impulse  lespense  is  simply  a  slightly  damped 
sinusoid,  as  would  bo  expected  for  this  high-Q  circuit.  The  portion  of  the 
response  to  the  right  of  the  canter  line  of  the  oscilloscope  face  appears 
to  be  due  to  reflection  in  the  measurement  set-up. 

Figures  2-20d  ana  2-21s-c  show  the  input  and  the  pulse- modulated 
response  of  the  filter,  respectively.  Eight  to  ten  nanoseconds  after  the 
initial  response  the  oscilloscope  trace  is  most  likely  a  superposition  of 
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(a)  Reference  Pulse  (Vert  x2Q, 
Ror  1  nsec/cm) 


(b)  Pulsed  Sinusoid  Response  Helical 
Lino  with  Ferrite  Replaced  by 
Dielectric  (Vert  x2D,  Her  1  nsec/cm) 


(c)  I  jrw'rd  Pulsed  Sinusoid  Response 
Fxftrite  Loaded  Helical  Line 
(Vs .1  x20,  Hor  1  nsec/cra) 


(d)  Reverse  Pulsed  Sinusoid  Response 
of  Ferrite  Loaded  Helical  Line 
(Vert  x20,  Hor  1  nsec/cm) 


-  40  - 


'  ~v\  .’  \:  '  "•:  *>v**?-  » ■  '  *  f . 


illlill! 

gpM^ain 


Ijr  i;\*  '  -V;  VlfM, 

l/dV/Av';’ '  *’  :T-f 


v  - 

'»  •.•'■*  •  *  '  -I  ‘ 

dr 


(a)  Reference  Pulse  (Vert  x20, 
Ror  1  nsec/cm) 


(b)  Impulse  Response  of  Helical  Line 
with  Ferrite  Replaced  by  Dielec¬ 
tric  (Vert  x20,  Hor  1  nsec/cm) 
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(c)  Reference  Pulse  (Vert  x20, 
Hor  1  nsec/ cm) 


(d)  Impulse  Response  of  Ferrite 
Loaded  Helica’  Line  (Vert  x20, 
Hor  1  nsec/ cm) 
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(a)  Filte.-.  Bandpass  4  dB  BW 
20  MHz,  f o  ~  1 . 5  GHz. 


(b)  Reference  Pulse  (Vert  x20, 
Hor  1  *  2c/cm) 


(c)  Impulse  Response  of  Filter 
(Vert  x20,  Hor  1  nsec /cm) 


(d)  Reference  Pulse  (Vert  xlO, 
Hor  i  nsec/ cm). 
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a) 


Pulsed  Sinusoid  Response  of  (b)  Shifted  Pulsed  Sinusoid  Response 

Filter  (Vert  xlO,  Hor  1  nsec/cm)  of  Filter  (Vert  x40,  Hor  2  nsec/cm) 


(c)  Expanded  Shifted  Pulsed  i 

Sinvsoid  Response  of  Filter 
(Vert  x40,  Hor  5  nsec/ cm) 


til©  paired  response,  reflections,  and  response  to  spurious  signals  fol¬ 
lowing  th«  main  test  pulse.  In  the  approximately  ten  nanosecond  “viewing 
satedm**,  the  envelope  of  the  pulse -modulated  response  is  an  integrated 
response  that  reaches  p  peas  of  only  about  0.4  of  the  height  of  the  ex¬ 
citing  pulse.  This  response  is  in  a  in®  with  that  expected  for  a  circuit 
having  e  bandwidth  of  20  iRJa  when  excited  by  a  5.33  nsec  pulse;  i.e., 

To  T  *  wftere  T  *8  the  width  of  the  pulsed  sinusoid. 

The  results  of  the  experimental  investigation  of  ferrite  device 
excitatiOL  'Urns  are  summarized  below  to  facilitate  comparison. 

TABLE  2-1 

Siinsnary  of  ferrite  Device  Response  Characteristics 


.  rl  ■“  """ 

DEVICE* 

EXCITATION  TIBS*® 

Broadband  Reso....nce  Isolator 

Forward  Direction  -  w  0.5  rf  cycle 
Severs®  Direction  - 0,5  rf  cycle 

Broadband  Circulator 

Transmitter  Pert  to.  Antenna  Port 
-  1  rf  cycle 

Antenna  Port  to  Transmitter  Port 
<  0,5  rf  cycle 

Narrow-Band  Circulator 

Transmitter  Port  to  Antenna  Port 
-  «  3  if  cycies 

Antenna  Port  to  Transmitter  Port 
-  0,5  rf  cycle 

Helical-idne  Digital 

Phase  Shifter 

Principal  delay  characteristics  re- 
lized  "instantaneously",  but  disper¬ 
sive  nature  of  line  produces  consider¬ 
able  pulse  distortion. 

Gyroraagnetic  Coupler 

Filtei  ^0  iSH«  3  dS  BN) 

>  tO  rf  cycles 

,  ........ 

♦Ail  components  tested  at  I50C  &iz. 


^♦This  differs  from  the  conventional  "settling  time"  since  the  bock  loss, 
for  example,  is  greater  than  the  specification  value  for  t  <  t  settling. 
Hence,  for  this  class  of  components  the  "excitation  time"  may  be  a  more 
significant  quantity. 


2.4  SUMMARY 


€ 


The  transient  behavior  of  ferrite  devices  has  been  investigated 
througn  a  elossly  coordinated  theoretical  and  experimental  effort.  The 
influence  of  the  various  intrinsic  "relaxation"  an,*  Excitation”  times 
of  the  ferrite  an  device  performance  has  been  probed,  I.t  an  effort  to 
clarify  the  principles  of  transient  wave  propagation  In  ferrites  the  case 
of  propagation  in  an  infinite  ferrite  medium  has  been  attacked  analytically. 
This  problem,  which  appears  at  first  to  be  rather  simple,  gives  rise  to 
a  very  complicated  function  whose  inverse  Laplace  transform  must  be 
evaluated. 

Variational  and  porturbstional  techniques  have  been  investigated 
and  applied  to  the  solution  of  some  dielectric-  and  ferrite-loaded  waveguide 
problems.  These  techniques  appear  to  ;.ave  considerable  promise  in  pro¬ 
viding  solutions  to  otherwise  unmanageable  problems,  A  brief  literature 
search  failed  to  rei'eal  publications  dealing  with  variational  or  per- 
turbational  techniques  in  the  Laplace  transform  domain.  The  justification 
of  the  validity  of  the  techniques  as  applied  in  this  report  has  thus  far 
beer,  largely  intuitive.  Additional  work  should  be  devoted  both  to  provid¬ 
ing  a  rigorous  justification  of  the  validity  oi  the  methods  in  the  £  domain 
and  to  the  application  of  the  techniques  to  the  solution  of  specific 
problems . 

A  number  of  typical  operational  ferrite  devices  have  been  in¬ 
vestigated  experimentally.  Device  types  were  selected  such  that  the  ef¬ 
fect  of  the  ferrite  on  transient  response  could  be  examined  with  the  fer¬ 
rite  operating  in  a  variety  of  magnetization  states  (i.e.,  below  resonance, 
at  resonance,  and  in  the  remanent  state).  The  approximate  excitation  times 
are  suurarized  in  Table  2-1.. 

One  of  the  most  interesting  devices  studied  was  the  ferrite 
circulator.  Tne  circulator  is  an  extremely  versatile  device  and  finds 
a  multitude  of  applications  in  radar  and  communications  systems,  $ltn 
one  port  terminated  ic  a  matched  load,  a  3-port  circulator  becomes  an  iso¬ 
lator;  with  a  filter  on  one  port  ano  the  conjugate  filter  on  another  port, 
a  3-port  circulator  becomes  a  diplexer;  provided  with  a  controlled  means 
of  changing  the  direction  of  circulation,  a  3-port  circulator  becosass  a 
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single-pole  double-throw  switch,  etc..,  etc.  Because  of  its  great  versa¬ 
tility,  tbs  ferrite  circulator  has  many  pos  ^ble  applications  in  wideband 
systems,  and  it  seems  that  some  o£'ovi  should  be  directed  towards  optimiz¬ 
ing  it  f@r  wideband  ode  rati  or.. 

To  be  satisfactory  for  ms  <y  wideband  applications,  circulator 
transient  rasp esse  should  be  such  that  steady-state  isolation  and  insertion- 
loss  vslues  are  achieved  within  one-half  rf  cycle,-  None  of  the  designs 
tested  vas  fully  capable  of  meeting  this  requirement.  From  the  data  cur¬ 
rently  available  os  the  transient  behavior  of  ferrite  circulators,  it 
appears  that  circulator  transient  response  is  influenced  by  the  intrinsic 
properties  of  the  ferrite  material,  the  volume  of  ferrite,  the  type  of 
matching  structure,  ate.  Precisely  how  to  adjust  the  various  parameters 
to  optimize  the  transient  response  requires  further  study.  The  available 
data  on  circulator  transient  behavior  snows  many  interesting  features 
which  are  not  at  this  tins  clearly  understood.  A  more  thorough  investigation 
of  circulator  transient  response  should  lead  to  a  more  complete  Interpre¬ 
tation  of  these  effects  and  should  provide  the  necessary  design  informa¬ 
tion  to  optimize  the  transient  response  of  ferrite  circulators. 
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SECTION  III 


THE  CONCEPT  OF  BANDWIDTH  IN  HXCSQWAVt.  SYSTEMS 
(G.  F.  Boss,  Sperry  Hard  Research  Center) 

3,1  INTRODUCTION 

With  the  present  day  emphasis  on  the  use  of  wideband  signals  for 
high-resolution  radar,  considerations  imposed  by  distributed  microwave 
structures  have  become  increasingly  important.  It  i.  the  purpose  of  this 
section  to  investigate  the  value  of  using  a  single  number,  for  example 
the  "bandwidth1^  to  describe  the  transient  properties  of  a  microwave  net¬ 
work,  especially  when  such  a  network  is  used  to  process  signals  having 
wide  spectral  content.  Since  phase  information  is  lacking,  it  is  felt, 
intuitively,  that  any  definition  of  bandwidth  derived  from  the  amplitude 
or  power  spectrum  alone  must  be  lacking,  at  least  when  transient  behavior 
is  important. 

It  is  shown  in  this  section  that  a  "single  number"  criterion  has 
merit  if  one  considers  the  energy  storage  of  the  network  (involving  the 
"natural  modes")  as  the  basic  starting  point  and  carefully  examines  a 
related  quantity  defined  as  tfc.*  transmission  quality  factor  Qij  .  It  is 
found  that  this  number  is  a  good  measure  cf  the  "rise  time"  of  a  network 
when  excited  by  a  step-modulated  signal  at  resonance.  To  determine  the 
"setting  time"  Tg  ,  or  the  time  required  for  the  step-modulated  response 
to  settle  to  within  ±5^  of  its  steady-state  value,  one  must  also  specify 
the  phase  function  of  the  network. 

This  section  starts  with  a  discussion  of  bandwidth  def i.  lo as 
as  employed  in  lumped  network  theory  (Sec.  3.2).  These  definitions  are 
then  extended  to  a  particular  class  of  important  microwave  networks  in  Sec. 
3.3.  None  of  the  conventional  definitions,  however,  proves  to  be  very  satis 
fying. 

In  Sec.  3,4.1  a  definition  of  the  new  transmission  quality  fac¬ 
tor,  $j,  ,  (which  is  later  qsed  to  define  an  "effective"  bandwidth)  is 
presented.  An  interpretation  of  the  conventional.  Q  factor  and  appli¬ 
cations  of  this  factor  via  the  scattering  matrix  notation  for  networks 
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is  presented  in  Appendices  B  and  C,  respectively.  The  conventional  Q  fac¬ 
tor  is  defined  as  being  proportional  to  the  t l.oe  average  of  the  stored 
energy,  (W)  ,  and  inversely  proportional  to  the  time  average  of  the  power 
dissipated,  (P^)  ,  in  the  network  at  resonance:  The  new  quality  factor 
involves  a  new  quantity  <W>  which  is  a  measure  of  the  time  average  of 
the  stored  energy  of  the  system,  and  is  therefore  -elated  to  the  natural 

/V 

modes  of  the  network.  A  discussion  of  ’now  one  obtains  (W>  in  the  labors- 
tory  is  presented  in  Section  3.4.2,  and  a  mathematical  derivation  of  <W) 
for  TEM-mode  line  networks  follows  in  Section  3.4,3. 

The  theory  is  applied  to  evaluating  for  TEM-mode  line  net¬ 
works  using  Z-transform  techniques  in  Section  3.5.  Applications  to  a  line 
and  a  short-circuited  stub  ana  a  parallel-line  or  quarter -wavelength 
coupler  are  presented  in  3.6.1  and  3.6.2,  respectively.  Experimental  results 
are  reported  in  Section  3.7,  and  conclusions  follow  in  Section  3.8. 

3.2  THE  DEFINITION  OF  BANDWIDTH 

It  is  constructive  to  review  some  of  the  definitions  of  bandwidth 

that  are  used  in  conventional  lumped  network  theory.  The  first  and  perhaps 

13 

most  familiar  definition  is  shown  in  Fig.  3-la  .  The  system  function 
of  a  transmission  network  is  given  by 

H(u>)  =  A(<u)e“J?5(u,)  (3.1) 

where  A(uj)  is  the  amplitude  spectrum 

and  0(u>)  is  the  phase  function 

The  magnitude  of  A(a)  is  plotted  as  a  function  of  frt^ency.  The  band¬ 
width  of  a  low-pass  filter  (LPF)  is  defined  as  the  frequency  bw^  ai  which 
A(u>)  is  reduded  to  0.707  of  its  value  at  zero  frequency:  In  terms  of  the 

o 

power  spectrum  or  A'(u>).  bw1  is  the  so-called  half-power  frequency.  This 
definition  ignores  any  "ripple"  in  the  passband. 

i 

The  second  definition  is  that  of  the  equivalent  rectangular  band- 

.  „  .  14 

width  and  is  shown  in  Fig.  3-lb  .  It  is  obtained  as  follows:  we  inte¬ 
grate  the  function  A(w)  over  the  frequency  band,  i.e., 


I 


I 

i 


FIG.  3-1  Definitions  of  btndsridlfe  is  hoped  tetmrUd: 


,  \ 

-L 


(3.2; 


and  obtain  a  numeric  answer  N  .  We  now  define  the  bandwidth  bw2  as  the 


equivalent  rectangle  having  an  amplitude  A(«>)|  at  zero  frequency  and 


a  bandwidth  bw2  such  that  the  relationship 


ut-wj 


A(uj)dio 


bw2  •  AC 0)  =  N  or  bw2  =  — ^of 


(3.3) 


is  satisfied. 


Still  another  definition  (and  one  popular  tr-  statistical  detec¬ 
tion  problems)  is  the  "equivalent  noise  bandwidth/'  defined  in  a  fashion 

2 

similar  to  Eq.  (3.2)  but  with  respect  to  the  power  spectrum  jH(m)  |  or 


A2(iu) 
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Here,  the  height  of  the  equivalent  rectangle  is  A  (0)  and 


the  area  under  the  power  spectrum  is  given  by 


f  A2(  uj)da>  -  M 


(3.4) 


the  noise  bandwidth  bw^  is  then  defined  as 


bw.j  •  A  (0)  =  M  or  bw3  = 


J  A2(ta)du> 

o 


(3.5) 


A  (0) 


and  is  shewn  in  Fig.  3-lc. 

There  are  still  other  definitions  of  nsndwidth  that  sre  sapieyed. 
Fsr  example,  a  measurement  of  the  spread  around  the  mean  or  centroid  oi 
the  power  speotrua,  ,  can  be  defined  as 


-  m 


^  \  *v  1  "JO'i ' 

!■  _  Zt~.  -  s 


-  '  **  -  -  • 


fit 


‘mmit 


jh, 


ft  ;  t* 


1  i 


bw . 
4 


J< 


—  *>  2 

if  -  u>)  *  A  (tu)duj 


o 


r  ° 
A“(®}d® 

o 


(3.6) 


as  shown  in  Fig.  3-ld.^ 

Note  that,  in  general,  each  definition  yields  a  different  number 
describing  the  bandwidth  of  the  system.  The  measure  of  signal  bandwidth 
in  terms  of  a  single  number  is  an  appealing  concept,  but  intuitively  we 
feel  that  it  may  not  be  a  sufficient  measure,  since  the  phase  function 
of  the  network  has  been  neglected— -especially  in  nonminimum  phase  net¬ 
works  where  the  phase  function  is  not  uniquely  related  to  the  amplitude 
spectrum.  This  is  explicitly  illustrated  by  the  examples  presented  in  the 
next  section. 

2.3  THE  BANDWIDTH  CONCEPT  AS  APPLIED  TO  MICROWAVE  NETWORKS 
3.3.1  Example  1 

When  lengths  of  waveguide  or  TEM-mode  lines  are  interconnected 

to  form  couplers  or  hybrid  junctions,  the  svstem  functions  of  these  net- 
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works  become  qui;*  complicated.  In  one  particularly  useful  class  of 
TEsi-raode  networks  where  the  impulse  response  between  any  two  ports  i  and 
j  is  given  by 


(t) 


6(t  -  kT) 


(3.?) 


the  system  function 


? 


(3.8) 


is  periodic;  that  is, 


Bjt(«)  =  Hj1(»+T!) 


(3.9) 


Networks  of  this  type  are  the  branch-line  coupler,  the  ring  hybrid,  the 
quarter -.wavelength  coupler,  etc.  A  plot  of  jH(to)  j  =  A(uj)  is  shown  in 
Fig.  3-2a.  The  network  exhibits  its  hybrid  properties  around  u)Q  (the 
design  center  frequency)  and  (2k-l)u)o  because,  theoretically,  the  char¬ 
acteristics  of  the  network  "around"  these  frequencies  are  identical,  neglect¬ 
ing  lose. 

The  bandwidth  of  this  network  is  conventionally  defined  by  micro¬ 
wave  engineers  as  "the  spread"  between  the  half-power  points  around  u>o  . 

When  the  spectrum  of  the  signal  applied  to  the  coupler  is  very  narrow  (with 
respect  to  the  half-power  bandwidth),  negligible  distortion  is  introduced. 
This  definition  certainly  has  utility  in  "frequency  diversity  systems"  where 
one  is  required  to  process  a  narrow-band  signal  over  a  large  band  of  fre¬ 
quencies,  but  we  cuspect  that  it  is  not  as  useful  when  wideband  signals  are 
employed.  For  example,  the  equivalent  rectangular  bandwidth  or  the  noise 

bandwidth  «f  this  class  of  networks  is  infinite;  that  is,  the  area  under 
2 

A(io)  or  A  ( u>)  is  infinite  by  inspection  of  Fig.  3-2a. 

It  is  instructive  to  investigate  the  area  under  the  power  spec¬ 
trum  in  a  more  physical  sense.  Assume  that  we  excite  this  class  of  net¬ 
works  with  a  rectangular  pulse  of  width  A  and  amplitude  V  such  that 

(1)  the  pulse  width  A  is  less  than  T  , 
the  spacing  between  impulses 

(2)  the  energy  in  the  incident  pulse 
equals  unity:  i.e., 

(V)2  ♦  A  =  1 

Then  the  output  pulse  train  is  given  by 


CD 


r(t)  = 


V 


k=l 


p(t  -  kl) 


(3.10) 


-  52  - 


wheie  pvt)  =  1  ,  0  s  t  s  A 

p(t)  =  0  ,  t  >  A 

p  ( t  >  —  0  t  t  <  0 

We  can  now  use  Eq.  3.10  to  find  the  energy  in  the  response,  from  Porseval's 
theorem, 


The  results  presented  above  suggest  a  different  definition  of 
bandwidth  for  this  class  of  microwave  networks— a  definition  similar  to 
that  given  for  the  noise  bandwidth  in  Eq.  3.5.  Here  the  bandwidth  is 
defined  as  the  equivalent  rectenge  in  a  given  period  ~  ;  the  geak 
value  occurs  at  odd  multiples  of  .  Thus, 


vo 

|HU0>|2  •  t»5  =2^ 


(3.17) 


bw,  =  -- - 2 


It  follows  from  Eq.  3.7  that  }H(<»o)j  is  given  by 


•x- 1 


(-1)  a. 


(3.18) 


while  the  null  frequency  and  periodic  repetitions  of  the  null  frequency 
occur  at 


}H(0)  j2  =  Y' 


(3.19) 


Then,  from  Eq*.  3.17  and  3,18,  we  have 


(3.20) 


This  definition  is  illustrated  in  Fig.  3-2b. 

One  might  also  uefine  the  bandwidth  in  a  manner  similar  to  Eq. 

3.20,  but  in  terms  of  the  normalized  second  central  moment  of  j H ( u>)  |  in 
a  given  period,  as  discussed  in  Section  3.2  where  it  was  applied  to  the 
entire  u>  domain.  Both  this  definition  and  the  one  given  in  Eq.  3.20  result 
in  different  equivalent  system  bandwidths.  Neither  definition  appears  very 
satisfying.  The  various  definitions  described  in  the  earlier  sections  also 
either  fail  when  applied  to  certain  microwave  networks  or  at  best  seem  arti¬ 
ficial  . 

3.3.2  Example  2 

A  length  of  rectangular  waveguide  has  a  system  function  which 
resembles  a  high-pass  filter  for  each  possible  mode  and  depends  upon  the 
manner  of  launching  and  retrieving  the  signal.  The  impulse  response  of 
a  rectangula;  waveguide  network  is  given  by  the  sum  of  a  delayed  impulse 
and  a  second  term,  imvolving  Bessel  functions,  which  results  in  signal  dis¬ 
tortion.  By  any  of  the  definitions  bw^  through  bw^  discussed  in  Sec¬ 
tion  3.2,  however,  the  bandwidth  is  infinite. 

3.3.3  Example  3 

A  section  of  lossless  coaxial  line  whose  characteristic  impedance 
is  invariant  with  length  has  an  all-pass,  linear -phase  system  function;  the 
impulse  response  is  simply  a  delayed  impulse  and  hence  introduces  no  dis¬ 
tortion.  It  too  has  an  infinite  bandwidth.  How  do  we  distinguish  between 
Examples  2  and  3? 

Examples  1  through  3  illustrate  that  either  the  definitions  of 
bandwidth  as  described  earlier  are  inadequate  and  a  new  definition  is 
required,  or  v.ie  characteristics  of  wideband  networks  should  be  defined 
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in  e  different  domain;  for  example  the  time  domain— the  domain  of  eventual 
interest.  Here,  specifications  such  as  rise  time,  build-up  time,  settling 
time,  time  residues,  etc.,  have  more  significance. 

We  feel  that  a  more  fundamental  (and  satisfying)  description  of 

bandwidth  migh*  be  obtained  through  the  definition  of  the  familiar  Q  or 
18 

quality  factor.  A  detailed  derivation  of  the  Q  factor  via  scattering 
matrix  notation  is  presented  in  Appendices  B  and  C.  This  factor  depends  on 
the  time  rate  of  change  of  the  stored  energy  and  the  power  dissipated  in  a 
network,  and  must  be  finite  and,  indeed,  on  the  order  of  unity  for  wide¬ 
band  networks.  Unfortunately,  the  conventional  definition  of  Q  involves 
certain  inherent  narrow-band  approximations.  In  Appendix  C  these  approxi¬ 
mations  are  investigated  to  see  how  they  apply  first  to  narrow-band  systems 
and  later  to  wideband  transmission  networks.  It  will  be  shown  in  the  next 
section  that  for  certain  classes  of  wideband  networks  the  description  of  an 
effective  Bandwidth  defined  by  a  modified  Q  factor  is  meaningful. 


3.4  A  PROPOSED  DEFINITION  FOR  THE  TRANSMISSION  QUALITY  FACTOR 

It  is  proposed  to  define  a  new  transmission  quality  factor  for 
wideband  networks — one  which  is  closely  related  to  that  used  in  narrow- 
band  systems  (see  Appendix  C).  As  indicated  in  Appendix  B,  it  is  clear 
that  any  such  definition  must  involve  the  fur.dsser.tal  quantities  of  energy 
stored  ar.d  power  dissipated  in  the  network.  The  effective  bandwidth  of 
the  network  will  then  be  defined  as  the  resonant  frequency  divided  by  the 
transmission  Q  . 


3.4.1  definition 

The  transmission  Q  of  a  transmission  network,  from  a  fixed 
input  port  to  any  other  port  i  ,  is  defined  as 


%<*f,  ith  port) 

(Pd,  excluding  source  termination) 


(3.21) 


where  (W,  i  port)  is  defined  as  the  time  average  of  the  total  stored 
energy  in  the  network  (as  observed  at  port  i  >  when  excited  by  a  sinus¬ 
oidal  source  atr  f  and  includes  the  effects  of  - the  “natural  modes*  of  the  v 
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network .  This  quantity  is  "we:,  }&ted"  mainly  by  the  contribution  to  stored 
energy  at  u^  «  but  also  includes  transient  contributions  (see  Sec,  3.4). 


The  effective  transmission  bandwidth  of  a  swo-port  network  is 


defined  os 


*ef*  "  £ 
*T 


(3.22) 


3.4.2  Finding  <W) 

r+» 

In  the  previous  section  a  definition  of  was  presented  that 
involved  a  quantity  described  as  (W)  (  the  time  average  of  the  energy 
stored  in  i'se  network  dee  to  the  natural  modes  of  the  circuit.  It  is  the 
purpose  of  this  section  to  describe  the  meaning  of  this  term  and  how  it 
can  be  measured. 

Consider  the  linear,  pastive,  time-invariant  two-port  network 
shown  in  Fig.  3-3.  This  configuration  might  be  a  multi-port  lossy  network 
as  described  in  Append ix  B  or  C,  where  one  is  interested  in  evaluating  the 
transfer  function  between  a  given  input  and  output  port.  Two  cw  signal 
a«n*ratc»rs  whose  EliF*s  are  a  .  and  e  „  are  connected  is  series  at  the 

•  gi  g* 

input  port .  Here 


egi  =  -  eg2  =  "  2  sia(2TV3 


(3.23) 


I 
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where  f  is  the  resonant  frequency  of  the  network.  The  source  impedances 
of  the  generators  are  combined . into  one  resistor,  as  shown  in  the  figure. 
Generator  tifrti  is  normally  not  connected  so  that  the  total  OIF  in  the  cir¬ 


cuit  is  supplied  by  e 


and  is  equal  to  -2  sin(2Trf0tT 


Its;  the  inci¬ 


dent  voltage  at  the  network  terminals  is  simply 
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E>- 


E,  =  - sinCanf'  t)  (switch  closed) 
me  o 


# 


Einc  =  0 


■  i>v:  --MTiZtift  enJ  : 


( switch  .open)  , 


'•  ’d  j  t»iutu'S  '«>.• .  f-  t*  v;.*  S3  »■*;  , 

.  j**-  ,  Sft; 
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;  nd  defends  on  the  time’  t.  when  the  switch  is  opened.  Alternately, .  the 
•  cc  .deiit  vol  tage  ean  he  expressed  as 

^inc  =  ”  (s*n  ^  (3.25) 

where  u(  t)  is  a  unit  step  function.  A  picture  of  E  ,  the  equivalent 
generator  voltage  for  several  different  switching  times,  is  shown  in  Fig. 

3-4.  K.'te  that  after  the  switch  is  opened  the  network  is  passive.  The 
voltage  appearing  across  the  load  and  terminations  after  t=t^  is  due  , 
only  to  the  energy  stored  in  the  network  at  the  natural  modes  of  the  system. 

Cnee  the  driving  voltage  sin  ou^t  is  removed,  the  network  is  given  "initial 
conditions";  the  poles  and  zeros  of  the  system  in  the  complex  p  plane  deter¬ 
mine  the  response  for  t  >  rj  .  The  magnitude  and  the  rate  of  uecay  of  the 
voltage  depend  ,  of  course,  upon  when  the  switch  is  opened.  The  energy 
absorbed  by  the  source  termination  is  determined  by  squaring  the  voltage 
across  the  resistance  and  integrating  the  result  ffom  *W6  td  inflftity.' 

When  this  computation  is  done  for  all  posiibld  times  In  the  interval 

0  <;  t.  <  T  =  ~  ,  the  result  is  a  series  of  numbers  W0,*l,*2’  ••••*i  *50r‘t 

responding  to  ’2 'measure ‘ of  the  stdred  energy  for  each1  tira*  the  'Uwiteh  «• 
opened;  i.'ei ,  for  t  =  fsf'j,  t  =  t2 ,  —  , t  =  t±  .  It  ii  blear  frdiW  w- 
Parseval’s  theorem  that  the  operation  of  squaring  and  integrating  the  ’  "  ■  j 
response  after  t  >  ti  corresponds  to  integrating  the  stored  energy  over 
the  entire  oj  domain  and  not  juit  at  u50  F'fcoib  the  description  of  the 
method  used  to  turn  off  the  input  signal,  we  suspect  that  the  contribution 
to  the  storetf'energy  ggnbateat  Eti  o)_  •  this  is,, also  later  verified:  in 

Fig.  3-5.  ->The>  result; osfvvsvteagingi (these,  nianhersr-fts  :*  ;fMncfiiop:cot.  r 

the  period' 1  T  >‘ife  deflhtd  oar- !  ,r.the  dAtifh  average  oUt  tfa&tfijripdk  jMWJByro.’  u  wi 
absorbed  bythwi  <;  ; , ■;  ,  m  h-u:  >  <*  {>•.>)  i.iqu*  u 

!qr:io  .  ■>  I fv>vt  ,,;i  odl  is.  !  o  /  j  .■ 

3 .4.3  Stored  Energy  in  TEM-Mode  Networks 

Assume  that  thd  iMiXIeerdsponse  betiw^n; iflorts  in  aylass  of 

O  OflX 

r.iicr iv&Ve  networks  is  given  by  a  train  of  unequally  weighted  but  uni¬ 
formly  spaced  impulses.*  ihiWt1  'i^,3 1 rj  oniy1 

For  example,  the  branch-line  coupler,  the  ring  hybrid,  the  quarter  wave¬ 
length  coupler,  etc. 


DW 


;t  A 


;  i  n I 

,  t  <_*  *J  I 


Copy 


where  k  is  an  integer 

T  is  the  reciprocal  of  the  resonant  fre¬ 
quency  of  the  network 

is  a  constant  corresponding  to  the  time 
the  switch  in  Fig.  3-4  is  opened 

Then  the  response  of  the  network  to  an  incident  voltage 

Sinc  =  {s*n  ~  ^  (3,27) 

is  given  by  the  superposition  of  sinusoidal  signals  shown  in  Fig.  3-5.  In 
any  half  period  the  incident  voltage  has  the  form  of  a  simple  sinusoidal 
signal  whose  amplitude  depends  on  k  and  a^  :  the  portion  of  the  sine 
wave  to  be  considered  depends  upon  t.  .  Mathematically,  if  the  switch 
opens  at  t  =  §  ,  then  after  a  suitable  delay  the  total  stored  energy  W(g) 
is  given  by 

=  J  Oss  "  a032**B2<  v,dt  +  J  -  Cao  -  a1}32«m2<»0t,dt 


+  J  Cass  ~  Cao  ~  ai  +  a2332sin2^0t^dt  +  ...  (3.28) 

5+T 

where  a  is  the  peak  steady-state  voltage  across  the  load  due  to  gea- 

Sfi 

atrator  1. 


r 


mi 


e 


r+1 
*  o 


I  si'!  (uu  t)dt 
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1*  ,  2 

(sin  ui  t)dt 

_  r 
~  j 

J  o 

T 

5+i 

5+T 

(sin  uj0t)dt  =  . . .  ( 3.29) 


one  obtain: 


2>l  H? 

\  f  oin2(®  t)dt  (3.30) 

J«  ° 

Now  the  lime  average  of  W(£)  can  be  found  by  averaging  Eg,  3.30  over  a 
T 

half  period  ~  .  This  follows,  since  it  is  not  difficult  to  deduce  (from 
physical  reasoning)  that  W(£)  must  be  periodic  with  a  period  ,  i.e., 


1 

2 

<W(?)>  =  {  }  |  f  W(?)d5  1 3.31) 

0 


where  (  j-  is  given  in  Eq.  3.30.  Indeed,  for  the  class  of  networks 

l  J 

described  by  Fq.  3.26  the  integml  given  on  the  right.  side  of  Eq.  3.30 

is  a  constant  for  all  5  and  can  be  shown  by  a  direct  integration  tj  be 
T 

equal  t.o  ^  .  Ii  particular,  a  convenient  value  of  5  ,  namely  5  =  0  , 
corresponds  to  a  sinusoidal  input  signal  originating  at  t  =  -»  and  stop¬ 
ping  abruptly  at  t-0  .  This  waveform  can  be  approximated  using,  for 

21 

example,  the  generator  being  developed  for  the  Floyd  Site  Radar  System. 
The  f.  answer,  therefore,  is  givei.  by 


(3.32) 


-  h4  - 


'  an  fount.;  graphically  by  viewing  an  oscilloscope  trace  or  exactly 

:•  'he  system  function  of  a  component  is  known.  Finally,  it  is  intereat- 

io  non:  (and  not  difficult  to  prove)  that  Eq.  3.32  is  equal  to  the  same 

c;.::;- cant  at  ail  the  (2k~l)f  odd  harmonics  of  f  at  which  the  network 

0  o 

i esuni'  .  ;  . 


THE  QUALITY  FACTOR,  ,  FOR  TEM-MODE  NETWORKS 


In  this  section  we  will  derive  the  transmission  quality  factor, 

Q,  ,  for  TEM-mode  transmission  line  networks  and  use  the  results  to  find 
BW  .  .  ,  the  effective  bandwidth.  We  will  use  the  results  given  in  the  pre- 

C  i  I 

vious  section  and  introduce  Z-transfcrm  techniques  in  order  to  obtain  a 
closed-form  expression  for  and  BW  ££.  •  The  procedure  is  as  follows. 

Using  (3.21)  and  (3.32)  we  have 


(3.33) 


Simplifying, 


CO 


C 
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n 


(3.34) 
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Assume  that  the  Z  transform  of  cn  is  defined  as 

0& 

Z[cnJ  -  V  cn  z"n  =  C(Z)  (3.36) 

n=0 

where 


Z  -*=  e+P 
p  =  cr  +  ju> 

In  effect,  we  are  artificially  representing  cn  (Eq.  3.35)  as  a  sequence  of 

impulses  of  area  c  volt-seconds  starting  at  t=0  and  spaced  one  second 

n  22 
apart  for  mathematical  convenience.  Then  it  Is  not  difficult  to  show  that  | 

09 

E0»=^:ic(z,'ctz!z'ldz  (3-37) 

n=0  unitO 

t 

i 

\ 

where  we  evaluate  the  contour  integral  by  sunning  the  residues  of  the  inte- 

grand  at  the  poles  located  within  the  unit  circle.  .  1 

Z  i 

The  next  task  is  to  find  C(Z)  « — £  c  .  Let  us  define  the  system 

function  of  a  network  whose  impulse  response  is  a  train  of  weighted  and  *  [ 

delayed  impulses  such  as  the  Z  transform  of  h(t)  given  in  Eq.  3.26;  that 
Z 

is,  H(Z)  < — *Mt)  .  For  convenience  we  shell  orice  again  assume  the  impulses 

n 

are  spaced  one  second  apart  and  begin  at  t=G  .  Then  the  term  ^S^(-l) 
represents  the  peak  ji  lue  of  the  response  in  any  half -per i*u  k  when  excited 
by  e  step-modulated  signal  whose  carrier  frequency  is  eqtf?l  to  the  resonant 
frequency  of  the  device;  namely,  fQ -;|  feeris.  The  term  {«5g a^}2 


- ^ , 


is  proportional  to  the  energy  dissipated  in  the  load  resistance  in  any  half 


period  k  sfter  the  switch  is  opened  (and  after  a  tine  equal  to  the  signal- 
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iront  delay  of  the  network  has  elapsed).  Note  that  the  peak  value  of  the 


steady -state  solution  a  alternates  in  sign  each  half  period;  the  sign  of 

ss  n  k 

the  peak  value  of  the  transient  contribution,  -1 >  also  alternates, 


algebraically.  Using  this  information  one  can  find  the  Z  transform  of  the 


c  coefficient  defined  in  Eq.  3.35  as  follows: 
n  ^ 


C<2)  =  Z[e]  =  Z[a  ] 

L  n  u  ss  sgn-rep 


ii 

-z£Yl)kat 

Jc-0 


(3.38) 


sgn-rep 


Here, 


as5Z 

Z^ass^sgn-rep  1  +Z 


(3.39) 


represents  an  equal  amplitude  alternating  series. 


Thd  term  zl^E^-D^  e.1  can  be  found  in  two  steps.  First, 

ltc=u  kj sgn-rep  0« 


lk=o  kJ sgn-rep  23 

we  find  the  peak  value  in  any  half-period  k  as^ 


n 

&  (-l)k  aRj  =  P(Z)  =  2TT  h(~z) 


(3.40) 


Alternation  in  sign  can  be  accomplished  by  substituting  -Z  for  Z  in  Eq. 
3.40.  Hence, 


k=0 


rgrj-y  H(Z)  .q  YTT  H(Z)  ;  (3.41)  , 


sgn-rep 


Substituting  Fqs .  3.39  and  3.41  into  Eq.  3.38  yields 


-ov/?-  ^ 
rZR  rJ* 


•'1^1 


n 


C(Z) 


=  fa  -  FUZ)1 

Z  +  J  I.  ss  J 


(3.42) 


.1. Luting  Eq.  3.  into  Eq.  3.37  we  obtain 


i  r  zTT  fass  -  n(z)](rrz)[ass  -  H(z)]dz 

2nj  J 

within©  c 


=  ^  f  77777  f «  '  a-fH(z)  +  "I?!] +  B(^,  Htz)}‘ 

within©(Z+l)  V  J 


(3.43) 


'ineliy,  substituting  Eq.  3.43  into  Eq.  3.34  re  obtain 


Q.„  - 


2  a 


ss 


^  f  fa»  -  a«  >H<2)  +  n!z)l"  "(2)  "(I)}12 

w  i  *  u  t  _  /r\  J 


within  © 


(3.44) 


The  effective  bandwidth  is  givon  by 


(3.45) 


3.6  APPLICATIONS 

3.6.1  Two-Fo.i  Lossless  Network 

Consider  the  single  short-circuited  stub  shown  in  Fig.  3-6a:  the 
tib  has  a  characteristic  impedance  of  d  ohms  while  the  main  line  is  nor- 
ruslized  to  1  ohm.  The  flow  graph  for  the  network  is  shown  in  Fig.  3-6b. 
;he  transmission  through  the  network,  neglecting  the  signa) -front  delay, 
can  be  found  fiotn  the  graph  by  inspection  and  is  given  by 
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idler  e 


Letting 


ws  have 


h21(Z) 


j0  (i  +  r.  Ki  +  r«)(-s  ) 

~  =  ( i  +  r, )  + - — - i — — 


l  4.  r  ** 
*  '  *2” 


(1  +  TjXl  -  *  ) 


i  +  r2z2 


2  ~2pt  1  c 
z  =  e  -  -  e 


—  d/it  *  P  **  1 


d|Tij 


+  l  ~  2d  + 


2  ~  S  1  -  2d 

*2  =  I  ^  ,  "  1  +  2d 

2  +  a 


U  +  I^HZ  -  u 


z  +  r« 


- .«»  =  ITT  J»„  -  i;i2cz»] 


.  f<t  »  %  *  r2)  r,z] 

**  [_  2  +  -  j 


sine©  a  -  1  f©£  a  leselftss  net^eyk.  Slasilsriy, 
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(3.4fc) 


(3.47) 


(3.48) 
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or 
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3*1B 


3d3  "  Q, 


(3.55) 


CNV 


yields 


Qcom  ~  fl 


0.707 


Comparing  the  result  of  Eq.  3.54  with  the  conventional  figure  given  by  Eq. 
3.55,  we  find  that  the  new  definition  yields  a  smaller  Q  ;  this  yields  a 
larger  "effective”  bandwidth  if  we  employ  the  relationship  given  in  Eq.  3.55 
and  substitute  for  QC0Ny  .  Intuitively  this  appears  reasonable,  since 
we  are  now  including  the  contributions  from  all  the  periodic  (and  infinitely 
denumerable)  passbands  of  the  transfer  function  of  the  network. 

We  can  plot  the  step-modulated  response  a(t)  of  this  network 
for  d  =  l  ohm  using  Eq.  3.40.  The  results  are  shown  in  Fig.  3-8.  The  peak 
envelope  of  the  magnitude  of  this  response,  |s(t)|  ,  is  plotted  in  Fig. 

3-9  where  it  is  shown  that  it  exhibits  a  settling  time  Tsl  equal  to 
approximately  1.25T  ,  where  T  is  the  time  for  1  rf  period. 

It  is  interesting  to  investigate  also  the  case  for  the  particnlar 
value  of  d  for  which  the  impulse  response  is  time  limited.  The  impulse 
response  for  this  case  is  given  by 


h21(t)  =  \  6(t>  -  \  6  (t  -  |) 

Z  12 
h2i(t)« — HI21(z)  =  ^  (1  -  z  ) 


(3.56) 


and  corresponds  (in  the  network)  to  setting  ^=0  .  It  can  be  seen  by 
examining  the  amplitude  spectrum  (shown  dotted  in  Fig.  3-7)  that  the  con¬ 
ventional  3  dB  bandwidth  for  this  case  has  decreased  by  about  a  factor 
of  1.3.  Using  Eq.  3.52,  that  is,  by  setting  r2=0  and  = 


Qt  =3  (3.57) 

Tl.  1  _  8 

'0=2  u 


-  era— 


A  comparison  with  Eq.  3.54  indicates  that  the  effective  Qj  has 
increased  by  a  factor  of  two.  An  increase  ir.  is  nccompanied  by  a 
decrease  in  the  rise  time  of  the  positive  envelope  cf  the  step-modulated 
response  as  shown  in  Fig.  3-9.  The  settling  tiine,  however,  has  improved 
from  1.25  T  to  0.62  T.,  We  cgnclude  that  although  the  rise  time  of  the 
response  varies  as  a  function  of  the  effective  bandwidth,  the  settling 
time  does  not!  Indeed,  the  settling  time  is  a  measure  of  the  overshoot 
and  ringing  behavior  of  the  network  and  must  depend  on  both  the  amplitude 
spectrum  and  the  phase  function.  Thus,  specifying  the  bandwidth  by  either 
Eq.  3.46  or  Eq.  3.55  is  not  sufficient;  one  must  also  specify  the  settling 
tin.e.  Note  that  the  effective  bandwidth  defined  using  Q^.  is  a  more  sen¬ 
sitive  function  than  the  conventional  3  dB  bandwidth. 


5IG,  3-9  Envelope  of  ja(t){  for  a  fJ-oho  stub  across  a  l-ofcs  line. 

< 
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3.6.2  lwo-?ort  Lossy  Network 

As  a  second  example  we  Vii  1 1  consider  the  familiar  four-port  loss¬ 
less  parallel-line  (quarter-wavelength)  coupler  described  in  Section  IV. 

We  are  interested  in  evaluating  the  transmission  between  the  direct  colinear 
path  (z)  and  the  coupled  path  H^(  z)  .  In  either  case  the  overall  two- 
port  network  formed  by  considering  either  Hg^z)  or  H^(z)  is  lossy. 

TMs  id  shown  in  Fig.  3-10, 

The  system  functions  for  these  couplers  were  derived  in  a  classic 
26 

paper  by  Oliver.  He  also  plotted  the  impulse  response  (i.e.,  the  inverse 
Laplace  transform  of  H21(z)  and/or  H^.z))  and  the  amplitude  spectrum  of 
H^(z)  as  a  function  of  the  coupling  coefficient  k  .  The  resonant  fre¬ 
quency  cf  the  device  corresponds  to  the  frequency  for  which  the  line  lengths 
are  meters,  where  kofg  =  c  .  Since  tne  impulse  response  of  this  class 
cf  networks  is  a  train  of  uniformly  soaced  impulses,  we  know  that  resonance 
may  be  interpreted  as  the  frequency  corresponding  to 

fQ  =  (3.58) 

where  T  is  the  spacing  between  impulses.  Also,  we  note  that  the  amplitude 
spectrum  is  periodic  in  the  frequency  domain,  .iith  resonance  occurring  at 
each  frequency 


f  =  (2k  -  l)fQ 


where  k  is  an  integer. 


The  system  function  to  the  coupled  port  is  given  by 


m  -  r2)z2  _  m  -  z2) 

O  1  “  o  o 

i  -  n*  i  -  rz~ 


(3.59) 


where 


k 


ic  the  coefficient  o'  coupling 


(3.60  cont.) 


The  normalized  amplitude  spectrum  can  be  found  by  lotting  y-  ju>  and  plot¬ 
ting  |H4l(e"Jtt>t)|  •  this  is  given  in  Fig.  11a  for  various  values  of  the 
parameter  k  .  In  Fig.  lib  Oliver  also  plotted  the  inverse  transform  of 
Eq.  3.59.  Note  that  for  small  k  the  impulse  response  is  essentially 
time  limited:  for  large  k  (i.e.,  k>->  the  impulse  response  is  a  train 

of  impulses  whose  areas  are  weighted  exponentially,  and  the  transmission 
is  dispersive. 

We  next  find  Q„  by  substituting  Z  for  ,  forming  C(Z)  , 

Ml  ^ 

and  evaluating  the  contour  integral  given  in  Eq.  3,37.  Thus, 

H..(Z)  =  ri£  (3.61) 

1  Z  -  r 


1 


I 


and 


where 


Hence 


c<®  *  rh  [•„  -  R(z>] 


=  H(z)  i 

iz=-l 


2T 

i  +  r2 


(3.62) 
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(3.63) 


IV  1  _ 

CKZ)  - - . ——-A-  (3.64a) 

(i  +  r)(z  -  r> 


o.\n  o.2“  0.3 n  0.4  rr  a  in  o.tn  oyn  q.bjt  0.9  n 
fil 

a.  Amplitude  spectrum. 


*•*  *4  .  »•? 


b.  Impulse  response. 


FIG.  3-11  Amplitude  spectrum  and  impulse  response  of 
Oliver's  contra-directional  coupler  with 
constant  coupling. 


and 


d  u  (i  ±  r2)2  Ai  -  A2 

%  "  2  4F2 


(i  +  r2)2u  -  r4) 


=  s  a  -  r2) 
( i  +  r2) 


8 


(3,65) 


In  a  similar  fashion,  after  the  signal-front  delay  has  beei  factored. 


Hn, (Z)  = 


_ JL__ _ L 


21  <§+l)2(l-  A2) 

(i  -  r2 


a2i(z)  =  2 :? 


(3.66) 


since 


i  - 1*  -  — 4L 


(?  +  1)' 


(3.67) 


as  can  be  verified  at  zero  frequency.  We  then  find  C(Z)  as  before,  and 
obtain 


C(S)  =  - 


:(l!  -  - 


Ai  -  r2)  z 
( i  +  r2)  ( z  -  r2) 

A  i  -  r"2) _ i 


(i  +  P)  <: 


r2)  <i  -  A: 


(3.68a) 


(3.68b) 


and 


~  „  r4 

“  2  *  4 

21  1  -  r 


(3.6^: 


The  results  using  Eqs.  3.66  and  3.69  for  different  values  of  k  are  given 
in  Table  3-1. 


TABLE  3-1 
QT  vs  k 


k 

°T 

*41 

qt 

*21 

0.99 

0.0545 

2.08 

l/S? 

0.278 

0.049 

1//10 

0.374 

0.017 

1/10 

0.392 

«  0.1 

Referring  to  the  amplitude  spectrum  shown  in  Fig.  lib  it  can  be  seen  that 
as  k  ••  1  the  bandwidth  in  any  given  period  approaches  tt  and  the  effec¬ 
tive  bandwidth  approaches  ®  .  This  result  agrees  with  the  computed  value 

of  Qt  .  In  a  similar  fashion  it  can  be  seen  by  examining  Fig.  11a  tha: 
41 

for  very  small  k  the  direct  transmission  is  virtually  an  impulse  and 
hence,  it’s  effective  bandwidth  is  very  large  (e.g.,  as  k-U,CT  -O  and 

The  setting  times  of  the  direct  and  Coupled  arms  are  both  excel¬ 
lent  for  small  k  .  There  is  virtually  no  distortion  in  the  direct  branch 
since  the  impulse  response  is  essentially  an  impulse.  Due  to  the  increased 
effective  bandwidth  in  the  coupled  arm  the  rise  time  is  superior  when  the 
coupling  coefficient  k  approaches  unity;  the  settling  time,  however,  is 
poorer  because  of  the  increased  distortion  in  the  phase  function. 

3,7  EXPERIMENTAL  RESULTS 

In  Section  3.6  we  theoretically  evaluated  io*  a  line  and  a 
stub,  and  for  a  quarter-wavelength  coupler.  It  is  the  purpose  of  this  sec¬ 
tion  to  .investigate  the  response  of  these  networks  experimentally.  A  more 
detailed  experimental  analysis  of  3  dB,  10  dB,  and  20  dB  quarter- wavelength 
couplers  is  presented  in  Section  IV. 


3*7.*  4-lAas^luk^a^ssiailsjx 


k  pulse  eodulated  Input  shown  in  Fig.  3-12  c:t  f  ~l,35  GHz  is 
fed  into  a  50-ohe  length  of  8G9/U  cable  connected  in  series  with  Q  tee  con¬ 
nector.  A  50-ehsn  stub,  electrically  equal  tc  ^  meters  and  short-circuited, 
is  connected  to  one  end  c£  the  tee,  while  the  otit&r  end' is  routed  to  the 
HP  12  GHz  oscilloscope.  The  pulsermodulated  source  is  generated  by  the 
pulse-forming  network  described  in  previous  reports. 

leading  edge  of  the  response  is  identical  to  the  results  pre¬ 
dicted  in  I  3-8  (d^i  ohm),  It  is  difficult  to  examine  the  trailing 
edge,  however,  hecause  the  signal  level  is  considerably  reduced  and,  after 
the  second  period,  becomes  comparable  to  the  tirae  residues  after  the  inci¬ 
dent  pulse. 

Note  that  to  obtain  the  c  coefficient  desceibed  in  Eq.  3.35 

3 

one  can  examine  the  leading  edge  of  the  response.  The  constant  a  can 

be  determined  by  inspection  of  the  response:  the  leading  edge  reveals  the 

tern  &  .  .%k  given  in  Eq.  3.35. 
k=0(-1)  afc 

3.7.2  The  Quarter  Wavelength  Cruder 

The  experimental  results  for  the  quarter  wavelength  coupler  are 

presented  in  Fig.  3-13.  The  particular  case  here  shows  the  leading  and 

trailing  edges  for  both  the  colinear  an?  coupled  arms  for  k 

pulse-aodulated  responses  are  also  evaluated  at  the  resonant  frequency  ,f 

the  device;  namely  f  =1.35  GHz.  The  time-domain  results  are  in  close 

o 

agreement  with  the  results  predicted  by  Eqs.  3.59  and  3.61  and  shown  in  Fig. 
3-11.  Once  again  it  should  be  noted  t«et  the  preferred  method  for  evalua¬ 
ting  the  cn  coefficient  would  be  to  use  leading-edge  rather  than  trsii- 
ing-edge  data  for  the  reasons  given  is  Section  3.7.1. 

3.8  CONCLUSIONS 

We  conclude  that  specifying  the  transient  behavior  of  a  micro- 
wave  network  by  a  single  number,  for  er&aple  its  "effective  bandwidth  or 
its  transmission  quality  factor  ,  is  not  sufficient.  This  number,  her- 
ever,  is  a  good  measure  of  bow  quicWy  the  network  (after  the  signal  front  delay 
has  been  factored)  responds  to  s  step-a&dniated  input  at  resonance.  If 
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one  plots  tne  envelope  of  the  magnitude  of  this  response,  then  the  rise  time 
(defined  in  the  conventional  mannerl  is  directly  proportional  to  Qij,.  The 

Ott*  ♦  1  1  MC>  +  1  UA  T  M*>  A  ♦  Ka  O  t  ^4  1«  Y  f  /IV  vavv  wi  ffiiw 
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bond  distributed  systems,  it  seems  more  appropriate  to  specify  three  quan¬ 
tities;  namely, 


(1)  the  signal-front  delay 

(2)  the  rise  time 

(3)  the  settling  time 


in  contrast  to  specifying  bounds  on  the  amplitude  spectrum  and  phase  func¬ 
tion  in  the  frequency  uuirain.  Practically,  sped ficStiwns  on  bOunua  in 


the  frequency  domain  (especially  for  small  deviations  from  linearity)  are 
difficult  to  measure  and  their  verification  is  time  consuming.  In  addi¬ 
tion  they  must  be  related,  mathematically,  to  the  eventual  domain  of  in¬ 
terest,  namely,  too  time  domain.  Instead,  a  set  of  three  measurements  in 
the  time  domain  is  sufficient  to  specify  the  response  of  the  system  to  a 
step-modulated  input.  For  a  pulse-modulated  input,  a  bound  on  the  time- 
residue  level  may  also  be  desirable. 
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SECTION  IV 


COUPLED  TEM-MODE  NETWORKS 
(R.  Smith,  Sperry  Band  Research  Center) 

4.1  INTRODUCTION 

The  analysis  of  the  transient  response  of  coupled  TEM-mode  net¬ 
works  is  presented  in  this  section.  Starting  froa  the  well  known  matrix 
approach  as  it  applies  to  nmlticonductor  lines,  we  derive  the  impulse 
response  of  several  commonly  used  coupled  structures.  In  general,  it  is 
found  that  the  impulse  response  is  a  periodic  train  of  impulses.  When  cer¬ 
tain  constraints  on  the  coupler  are  removed  (namely  the  need  for  a  perfect 
match  at  Ul  frequencies  at  the  input),  it  is  found  that  the  transient 
response  can  be  made  to  be  time  limited.  This  result  is  significant  in 
that  it  leads  to  a  new  type  of  directional  coupler  which  has  near  optimum 
properties  in  the  time  domain. 

4.2  CONVENTIONAL  COUPLED  TEM-MODE  NETWORKS 

The  mathematical  tools  needed  to  analyze  any  TEM-mode  device  are 
25 

available  in  the  literature.  We  shall  illustrate  the  use  of  these  tools 
in  the  analysis  of  a  pair  of  coupled  lines  terminated  at  both  ends  by  un¬ 
coupled  transmission  lines  (Fig.  4-1).  This  particular  configuration  has 
been  analyzed  in  the  past  from  the  frequency  domain  point  of  view  and  has 

n/  O’V  rjn 

led  to  coupled-line  directional  couplers.  **''  It  is  interesting  to 

26 

note,  however,  that  the  original  pcper  on  the  transmission-  line  direc¬ 
tional  coupler  found  the  frequency  response  from  the  time-domain  impulse 
response,  but  since  that  paper  no  analysis  of  the  transient  behavior  has 
been  made. 

Consider  the  coupled  transmission  lines  in  region  2  (Fig.  4-1) 
having  the  admittance  matrix: 
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The  coupled  line  configuration  in  Fig.  4-1  is  then  equivalent  to 
the  simple  cascade  of  transmission  lines  in  Fig.  4-2,  where 

[V]^  =  complex  voltage  matrix  of  wave  near  junction  of  region  1 
and  region  2  traveling  away  from  junction  in  region  1 

[V]g  =  complex  voltage  matrix  of  wave  sear  junction  of  region  2 
and  region  3  traveling  away  from  junction  in  region  3 

[V]+}  =  complex  voltage  matrix  of  wave  near  junction  of  region  i 
and  region  j  traveling  to  the  right  in  region  2 

[v]“j  =  complex  voltage  matrix  of  wave  near  junction  of  region  i 
and  region  j  traveling  to  the  left,  in  region  2 

[V]g  =  complex  voltage  matrix  of  source  wave  near  junction  of 
region  1  and  region  2  traveling  toward  the  junction  in 
region  1 

The  traasieut  solution  of  the  system  in  Fig.  4-2  can  be  solved  in  the  same 
way  as  the  corresponding  case  for  simple  transmission  lines,  where  all  of 
the  operations  performed  must  be  matrix  operations. 

One  way  tc  solve  the  problem  is  to  use  signal  flow  graphs.  The 

signs!  flow  graph  for  the  oystes  in  Fig.  4—2  is  easily  constructed  and  is 

shown  in  Fig.  4-3.  Since  the  gains  on  the  paths  of  the  graph  are  matrices^ 

it  is  not  possible  to  use  Mason's  formula  for  the  transmission  between 

source  and  sink  nodes  directly.  Instead,  one  must  transform  the  graph  by 

2Q  3ft  31 

absorbing  modes  and  eliminating  loops.  '*  This  leads  to  the  follow¬ 
ing  source-to-sink  transmissions; 

MI  -  {tf312+[Eu-Kr]12}  tr3M[[U-OT1,ErJ32.-yw]‘l.-J^Ms 

(4.8) 

7  t  1  .  '  'A 

«S  -  [ra+Mj  kj,  ws 

(4.9) 


Cl3  =  the  Identity  matrix 


First  of  all,  note  thct  Eqg.  4.G  cad  4.9  are  perfectly  general  and 
o  any  number  of  coupled  lines.  Secondly,  since  the  evaluation  of 
u  md  4.9  would  bo  soraewbat  tediona,  H  wold  be  judicious  to  choose 
juste  the  transmissions  by  converting  the  matrix  graph  into  as  equiva- 
rapii1  involving  only  scalar  terms.  When  -one  considers  the  meaning' of 
:\rt  of  the  matrix  graph,  ilia  can  be  done  by  inspection,  yielding  the 
i n  Fig .  4-4  ,  where 
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arc  in  a  positfoa  to  apply  the  Mason  flow  graph  formula  directly  to 
A  .  This  results  la 
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Equation  4.17  baa  t9.«  possible  solutions;  we  will .use  only  the  solution 


(4.18) 


since  the  alterae*»  solution  corresponds  to  active  termination  which 
will  not  be  treat©?  here.  Substituting  the  expressions  fcv  f  and 
^bb  *at0  ^a“  ***4  4.18  yi®M* 
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Equations  4.19  and  4.20  lead  to  the  following  values  for  the  input  line 
admittances 


\  “  'J2  </i-  ir 

Sfbes  the  exp*eiiioss  for  the  reflection  coefficients  are  sub¬ 
stituted  into  the  ramaiaiug  condition  (£q„  4.1b)  togetisr  with  Eqs.  4.21 

4.22,  the  Mgtttt  i§ 


(4.21) 

I A  OOY 


a.ci. -y,)(y.  +y.my.  +yw) 

— I 1 _ S 3— IS. S l J8SL.  a  o 

Y.VYcY22+YdY22+YcYd 


Equation  4.23  has  two  possible  solutions; 
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Wf  !*>»!!  sot  aluly  the  solution  represented  by  Eq.  4.25  here, 
since  again  it  leads  to  an  *sti?s  rather  than  a  pa**l®*  deyiee. 

this  analysis  we  have  thus  found  that  the  aost  general  oomil- 
tJsv,.  -  -aich  the  coupler  liras  (Fig.  4-1)  are  perfectly  matched  are 


Y  =  Y  =  v 

c  a  *11‘ 


sad  Yfa  =  Y22-/m?r 


Significantly,  we  note  that  these  conditions  are  completely  inde¬ 
pendent  of  the  characteristic  admittance  Y^  of  line  d .  This  should  sug¬ 
gest  that  the  voltage  excited  at  port  d  is  zero,  since  otherwise  the 
admittance  at  port  d  would  be  exoeeted  to  have  an  effect  on  the  matching 
condition.  When,  in  fact,  the  expressions  for  the  reflection  coefficients 
are  substituted  together  with  Eqs  4.21,  4,22  and  4,23  m  Eq.  4.13,  we  find 
that 
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(4.26) 


Thus,  not  only  is  this  device  perfectly  matched  at  all  frequencies,  it  also 
has  perfect  directivity  at  all  ficvv-enciwi.  We  can  also  conclude  that  all 
voltages  and  currents  on  the  lines  must  be  independent  of  the  admittance  of 


since  so  voltage  is  excited  across  lice  £  end  the  admittance 
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then  can  have  no  effect  on  the  rest  of  the  liaes.  Therefore,  let  u*  assume, 
without  loss  ia  generality,  that  Y.  =  Y.  in  order  to  simplify  the  algebra, 
since  the*  has  no  effect  on  the  resulting  expressions  in  terms  of  admit¬ 
tances.  Then 
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The  remaining  voltage  expressions  become 
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Ruling  for  the  reflection  coefficients,  «re  get  express  ions  idileh  aro 
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Cesaeaisering  that  E>  =  —  ,  we  con  rewrite  Eqs.  4.32  end  4.33  as 
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euerc  t  c;  —  ,  the  oiis-sray  tise  dsley  ie  the  coupling  region, 
c 

$e  can  recognise  the  above  oquntioaa  as  the  system  functions  of 

the  networks  evaluated  along  the  J®  axis.  The  magnitude  sad  pfeeiie  of  the 

above  functions  are .plotted  in  Fig.  4-5  for  three  values  of  » .  t tssn 
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reduce  to  those  fesad  by  Oliver  ahen  the  eoaplieg  is  symmetric, 
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where 


i  -h/l  -  fc* 


Expandiag  the  deamiaitor  as  an  infinite  aeries,  one  obtains 


75  »[»-«-*  £  ^2»-j2n 


V  22 


(4.38) 
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(4.39) 


The  ianulse  response  is  then 
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5(t)  is  the  nn^t  lapel go. 
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where  <sQ  ~  tt/2t  and  o(t)  denotes  a  unit  step.  That  is 

FT 
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Equatioas  4.43  aad  4.44  are  the  response  tb  a  wideband  signal 
whose  frequencies  ere  centered  around  the  center  frequency  of  the  network 
(Fig.  4-5).  Thus,  sneh  factors  as  the  rise  tine  aad  the  settling  tine  of 
the  step-nodulated  response  should  give  us  a  good  grasp  of  the  wideband 
transient  behavior  of  the  network. 

Let  us  consider  the  transient  response  for  the  three  values  of  k 
used  in  Fig.  4-5.  Thes*  three  vslacs  si  k  ,  manly  l/JS  ,  u/lO  ,  and  1/10  , 
correspond  to  a  3  dB,  a  10  dB,  aad  a  20  dB  coupler,  respectively.  The 
transient  responses  for  the  sy-s^trio  coupler  are  as  follows; 


For  k  =  ^  (3  dB  coupler) 


hy  (t)  =  .414  e(t)-  .343  ft(t-2r) -  .0569  6(  t-4t)  -  ,Q|01 4(t-6v)  (4.45) 
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For  k  =  -jzs  (10  dE  coupler) 
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For  k  =  (20  d8  coupler) 
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(4.53) 


f  l )  -  ,997  5(  t-r)  +  . 00251  8(  t-3v)  +  6.30  X  10"°  $(  t-&r) 


♦1.58X.10"c«.Ct-7T)  + ....  (4.54) 


.650  u(t)  +  .(^0  ui t— 2t )  -  1.26  «  I0-4  u(t-4r) 


-«*i.  15  K  10”*  bU^t)  - . j 

;  •  i  ‘  ;  t'  ?  "«*f. 


sis  ®« t  (4.55) 
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Ve(t)  =  -  [.977  u(t-r)  -.00251  u(t-3t)  +  6.30X  io“6  u(t-5r) 

-  1.56X10"^  u(t-7*r)  + . J  coso^t  (4.56) 

The  imp  til  5e  iospcssas  s-k!  the  envelopes  of  the  step-nodulated 
responses  are  plotted  In  Figs,  4-6  and  4-7,  respectively.  If  one  defines 
the  settling  time  as  the  time  it  takes  the  step-modulated  response  to  reach 
and  reanin  within  5%  of  the  steady-state  value,  then  by  comparing  Fig.  4-5 a 
and  Fig,  4-7,  we  note  that  as  the  apparent  steady-state  bandwidth  increases, 
the  settling  tiae  ir. creates.  Thus,  in  a  real  sense  the  transient  response 
oi  the  network  actually  is  trade  worse  by  increasing  the  network  bandwidth. 

We  also  note  that  the  phase  function  becomes  more  nonlirear  as  the  bandwidth 
is  increased,  which  indicates  that  the  transient  response  is  quite  sensitive 
to  phase  variations.  Thus,  it  appears  that  describing  the  wideband  proper¬ 
ties  of  a  device  by  its  bandwidth  is  not  sufficient:  one  nust  also  include 
the  effects  of  phase  distortion.  (This  matter  is  more  fully  discussed  in 
Section  III  of  this  report.)  In  this  coupler  the  transient  theoretically 
lasts  indefinitely,  »! though  practically  speaking  only  a  few  terms  of  the 
infinite  series  in  Eqs.  4.38-4.44  are  important. 

4.4  TIME-LIMITED  TRANSIENT  RESPONSE 

We  wish  to  consider  the  possibility  of  eliminating  the  infinite 
series  in  Eos,  4.S8  through  4.44  as  a  means  of  improving  the  transient 
response.  In  this  particular  coupler,  the  infinite  series  will  vanish  only 
if  the  coefficient  of  j0  <jeBOi|ina^or  EqS.  4 .36  a ad  4.37 

vanishes.  For  the  constraints  already  imposed  this  will  only  occur  for  sere 
coupling  between  the  lines.  Thus,  to  examine  the  case  of  time-limited 
responses  one  has  to  remove  the  above  constraints  and  start  again  with  Eqs. 

4. JO  through  4.13. 

We  recall  that  we  developed  the  directions!  coupler  by  assuming 
that  the  input  was  matched  at  all  frequences,  and  we  found,  as  an  additional 
bonus,  that  the  network  had  infinite  directivity  at  all  frequencies  as  well. 
We  hue-  tow  that  the  condition  of  a  perfect  natch  at  the  input  at  all  fre¬ 
quencies  is  too  strong  a  restriction  awl  results  in  a  transient  which  lasts 
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FIG,  4-b  Tb?»  fapaisa  resposs®  of  a  p«r«U(l-Uo»  coupler. 
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’Tiirutsiy.  Removing  this  restriction,  requiring  only  that  the  coupler 
r  infinite  directivity,  gives  us  an  additional  degree  of  freedom  which 
i  e vs  us  to  eliminate  the  indefinitely  continuing  transient. 

We  require  that 


~  2  0  (4.57) 
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herefoxe  the  coefficients  of  e 
siiish  identically;  i.e. 


in  the  numerator  of  Eq.  4.13  must 
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r  )r , 

oa  d( 


r  ( 

l  .  \ 

ba 


*W  * 
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(4.58) 


r.  cr  +  r  .r.  +r  r..-r  .r.  )  +<i-r  )r .  r.=  o 

ba  cc  ab  dc  cc  dd  cd  dc  aa  dc  bb 


(4.59) 


Ordinarily  the  solution  of  the  two  equations  above  would  be  very 
iff  (cult. .  Fortunately,  we  can  make  use  of  symmetry  and  reciprocity  to 
inplify  the  above  equations.  First,  note  that  all  excitations  at  port  a 
reduce  nc  voltage  at  port  d  by  Eq.  4.57.  Therefore,  no  change  in  the 
dmittance  at  pert  d  can  have  an  effect  on  the  voltage  elsewhere  in  the 
otwork  wnen  excited  from  port  a  .  This  allows  us  to  conclude  that  the 
rditio.n  for  infinite  directivity  ia  independent  of  the  admittance  Y^ 
i  port  d .  No©*  if  we  consider  an  excitation  from  port  d ,  we  will  find 
at  the  voltage  at  port  a  must  be  zero  by  the  reciprocity  theorem.  By 
he  same  argument  we  used  abcvef  we  can  conclude  that  the  condition  for 

nfinite  directivity  is  independent  of  ”  .  Therefore,  the  condition  for 

o 

nfU.ite  directivity  depends  only  on  and  . 

Since  the  condition  for  infinite  directivity  dees  not  depend  on 

and  Y-  ,  for  mathematical  convenience  we  can  choose 
;  d 

Y  =7  'a:  :  !  (4.60) 

B  C 

Y  .  =  Y.  (4,61) 

d  b 
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aa 

lcc 

rbb 

=  rdo 

(4.63) 

rab 

=  rcd 

(4.64) 

xba 

=  rd= 

(4;65) 

tquations  4.50  and  4,59  now  simplify  to 


rba(raa  +  V  =  0 


r.  (r  +  rKK )  =  o 

ba  aa  bb 


Substituting  for  the  reflection  coefficients  in  Eq.  4.61  yields 

o 

y  Y  =  v  Y  _  7  “ 

b  c  *ir22  *12 


=  YxlY22(l“k) 


(4.66) 

(4.67) 


(4.60) 


We  note  that  this  condition  is  satisfied  for  the  directional  coupler  we  have 
previously  discussed.  However,  in  this  case  Yfl  and  Yrf  are  arbitrary, 
thus  giving  us  an  additional  degree  of  freedow. 

Since  the  voltages  in  the  network  are  independent  of  Yq  ,  let  us 
choose  Y^  such  that 


V«  =  Vc=  Va'1  -  *“> 


(4.69) 


Ibis  will  simplify  the  calculation  of  the  transfer  functions  without  affect¬ 
ing  the  results.  The  resulting  reflection  coefficients  now  satisfy  the 
delations 


-  .:pj 
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(4.70) 
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(4.79) 


(4.80) 


(1*  impulse  responses  corresponding  to  Eqs.  4.76  and  4.79  have  ,t  wost  two 
impulse*.  Thus  we  have  obtained  improved  transient  response.  It  now  re- 
wains  to  be  shown  that  we  can,  in  fact,  met  the  condition  imposed  by  Eq. 
4.77. 

When  the  expressions  for  the  reflection  coefficient  are  sub¬ 
stituted  into  Eq.  4.77  we  get 


*11  *22 


(4.81) 


This  Is  indeed  realisable.  As  a  natter  of  fast,  we  still  have  sone  freedom 
is  choosing  Y#  and  ,  Let.ua  choose 


yn  y22 


(4.82) 


Ths*  from  Eqs.  4.69  and  4.81  we  obtain 


Upcw  substitution  of  these  conditions  into  the  expressions  for  the  reflec¬ 
tion  coefficients  in  Eqs.  4,76  through  4.80  se  find 


Y*  Yh 

n  Jb  =  j  i  j[ 

Y11  '22 
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Lett lag  $4  =  <ut  as  before,  we  find  that  system  functions 


=  a  k(cos  «9T)e”J,a>T 


jklsiaearje"^ 

V.  V  22 


=  (l±k)e 
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The  Impulse  response  een  be  easily  fouml  from  Eqt,  4.85  through  4,87 


by  (t)  -  ±£[fi(t)+4Xt-2T)] 


v0"  Vv  [^tt)^t-2T)] 


h  (t)  »  (ltk)«M) 
Vc 


The  step-modulated  response  to  tie  signal  given  by  Eq.  4.4?  4j?. 

-t  ■  -  -  • 

Y#(t)  =  i  |  jju(t)  - u(t-2T)"j'sin^i 


C*W 

(4.68) 

(4.89) 

(4.90) 

to  be 

(4.91) 

(4.92) 

i 

(4.93) 


(4.95) 


V  (t)  =  -  (1  ±  k)  u(  t“T)  cos u»,t  (4.%) 

C  u 

The  transient  responses  are  piotted  in  Fig3.  4-0  and  4-9  for  a 
symmetric  coupler  and  for  the  +  case  it.  Ejj[g,  4.91  through  4.%;  We  see 
that  the  transient  is  time  Halted  and  fully  completed  within  half  of  a 
cycle  of  the  carrier.  Thu*  this  device  always  has  a  better  settling  time 
than  the  standard  directional  coupler  discussed  in  the  beginning  of  this 
section. 

In  a  real  sense  we  can  argue  that  this  new  coupler  has  the 
optimum  transient  response  at  the  output.  The  coupler  response  can  be  sads 
no  faster  since  it  experiences  pure  delay  with  no  reflections.  Now  consider 
the  response  at  the  input  to  the  coupler;  this  contains  two  reflections.  If 
its  response  were  '.o  be  improved,  it  would  contain  one  or  no  reflections. 

If  it  contains  no  reflections,  then  it  would  behave  like  the  standard  direc¬ 
tions*  coupler,  whose  transient  response  we  know  i°,  not  better,  discussed  si 
the  beginning  of  this  section.  The  only  alternative  is  one  reflection  at 
the  input.  However,  this  case  must  reflect  energy  in  the  steady  state,  «md 
hence  could  not  be  matched  in  the  steady  state.  Therefore,  we  can  conclude 
that  our  new  coupler  is  "optimum." 

Wo  have  stated  that  this  new  coupler  is  optimum  only  for  systems 

in  the  form  of  Fig.  4-1.  The  question  arises:  "Can  the  response  be  improved 

by  cascading  several  sections  of  coupled  lines?"  We  know  that  this  technique 
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is  used  to  give  a  broadband  equal  ripple  amplitude  characteristic.  *  One 
can  show  that  this  technique  cannot  improve  the  transient  response  over  the 
"optimum"  coupler. 

The  amplitude  and  phase  characteristics  of  the  coupled  arm  coin¬ 
cide  with  the  graph  plotted  in  Fig,  4-5  for  k  «  1/iO  within  the  .accuracy 
of  the  graph.  It  is  interesting  to  note  that  optimum  coupler  has  the  narrow¬ 
est  bandwidth  and  the  hast  settling  time;  this  fact  is  discussed  in  Section  3. 
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Practically  speaking,  the  transient  response  of  the  standard  3  dP 
coupler  is  very  good,  since  its  settling  time  is  on  the  order  of  15$  cycles 
of  the  carrier,  as  opposed  to  1/2  cycle  for  the  optimum  coupler.  This  indi¬ 
cates  that  for  many  applications  the  conventional  quarter-wavelength  coupler 
is  sufficient.  In  other  applications,  however,  where  a  cascade  of  such 
devices  is  required  and  time  residue  levels  must  be  very  low,  the  new  time- 
limited  COUplcT  should  bo  pisiRSFm.  Note  tunt  tne  "optimum"  coupler  re¬ 
quires  changes  in  the  impedance  level,  since  it  is  not  possible  to  have  the 
same  impedance  terminating  all  four  ports. 

4.5  EXPERIMENTAL  RESULTS 

The  pulse  response  for  three  different  experimental  couplers  is 
shown  in  Figs.  4-10  through  4-13.  We  can  see  that  the  agreement  with 
experimental  results  and  the  corresponding  impulse  responses  given  in  Fig. 
4-6  is  quite  good  for  all  three  couplers.  The  improvement  of  settling 
time  with  decreasing  coupling  coefficients  (k)  is  clearly  evident.  The 
step-modulated  response  of  a  1.35  GHs  carrier  for  the  different  coujJ-rs 
is  shown  in  Figs.  3-12,  3-13,  4-14,  snd  4-15.  We  see,  again,  that  tEe 
experimental  data  agree  quite  well  with  the  corresponding  theoretical 
results  given  in  Fig.  4-7. 

In  the  theory  for  the  directional  coupler,  we  predicted  that  there 
would  be  no  reflection  at  the  input  and  no  output  at  point  d  (uncoupled 
output).  In  actual  practice  we  find  that  there  ore  outputs  at  these  ports. 
These  outputs  are  depicted  in  Fig.  4-16  fox  the  3  dB  coupler.  The  outputs 
are  superimposed  on  the  corresponding  input  pulse  with  an  increase  in  gain 
of  5  to  1.  We  note  that  in  both  figures  there  is  a  large  component  which 
is  apparently  proportional  to  the  derivative  of  the  irput  pulse.  This  dif¬ 
ferentiation  of  the  input  pulse  is  characteristic  of  radiating  antennas. ^ 


t  TMs  subject  is  discussed  in  related  antenna  papers  to  be  presented  by 
G,  Ross  and  J.  DeLorensc  at  the  1967  NEREM  Conference. 
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'  ti  radiation  within  the  coupler  involves  the  excitation  of  non-TEM  modes 
us  should  be  excited  by  a  transition  within  the  coupler.  This  leads  us  to 
conclude  that  the  deviations  from  the  theory  are  due  mainly  to  the  excita¬ 
tion  of  non-TEM  modes, 

•1.0  SUMMARY  AND  CONCLUSIONS 

In  this  section  we  first  derived  the  general  expressions  for  the 
voltages  occurring  at  the  ports  of  a  pair  of  coupled  transmission  lines 
terminated  by  uncoupled  transmission  lines.  The  conditions  necessary  for  a 
perfect  match  at  the  input,  independent  of  frequency,  were  derived  and  found 
to  be  the  same  as  the  conditions  for  the  conventional  coupled-transmission- 
line  directional  coupler. 

The  transient  responge  of  the  conventional  coupler  was  studied  in 
detail.  It  was  found  that  the  settling  time  improved  and  the  ba/idwidth  de¬ 
creased  as  the  coupling  of  the  lin^s  was  decreased.  We  considered  the 
possibility  of  improving  the  transient  response  by  relaxing  the  restrictive 
condition  that  the  device  be  perfectly  matched  at  the  input.  When  this  re¬ 
quirement  was  removed,  it  was  found  possible  to  develop  a  directional 
coupler  whose  impulse  response  was  time-limited  and  whose  transient  response 
was  optimum. 

When  values  of  coupling  less  than  3  dB  were  considered,  we  found 
that  the  conventional  quarter-wavelength  directional  coupler  has  a  transient 
response  that  approaches  the  "optimum”  coupler  as  k-*0  ;  this  is  supported 
by  the  experimental  results.  The  real  importance  of  the  new  coupler  lies  in 
the  fact  that  it  suggests  the  investigation  of  a  new  class  of  elements  which 
have  a  time-limited  impulse  response.  Such  a  class  of  networks  would,  for 
example,  be  important  in  problems  of  time-domain  equalization. 


SECTION  V 


SIDEWALL  COUPLERS 
(L.  Susman,  Sperry  Gyroscope  Ct>.) 


5.1  INTRODUCTION 

The  wideband  properties  of  a  microwave  network  can  be  deduced 
by  examining  the  behavior  of  the  device  over  all  frequency  or  by  it*  time 
response  to  particularly  simple  inputs  such  as  an  impulse  or  step  function. 
Until  recently,  the  frequency-domain  description  has  been  entirely  adequate 
for  almost  all  engineering  applications  for  which  these  devices  are  commonly 
used.  This  is  because  the  input  signals  most  often  used  have  been,  to  a 
very  good  approximation,  narrow  band.  Thus,  a  complete  representation, 
valid  for  all  frequencies,  was  unnecessary;  only  a  good  representation 
valid  over  the  range  of  operating  frequencies  was  required.  With  the  present 
emphasis  on  the  use  of  wideband  signals  in  modern  radar  systems  and  the 
recognition  of  the  potential  high-resolution  capability  that  can  be  realized, 
the  problem  of  signal  distortion  becomes  very  pertinent  as  one  of  the  limi- 
tatiuns  to  the  resolution  that  can  be  obtained.  To  analyze  the  behavior  of 
microwave  networks  in  a  way  which  makes  clear  the  wideband  behavior,  one 
can  revert  from  the  frequency  domain  to  a  real-time  description  of  the  net- 
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work's  behavior.  This  point  of  view  h.3S  been  adopted  in  previous  contracts 
where  the  investigation  of  the  trans>  *nt  behavior  of  microwave  structures 
commonly  used  in  arrays  was  initiated.  The  work  performed  under  this  con¬ 
tract  can  be  viewed  as  a  logical  extension  of  the  previous  studies  of  the 
transient  response  of  waveguides,  magic  tee's,  branch-wall  couplers,  etc. 

In  particular,  this  secticn  discusses  tfc*  real-time  response  of 
sidewall  couplers.  Although  the  analysis  presented  is  applied  here  to  one 
particular  device,  the  mathematical  techniques  presented,  and  certainly  the 
point  of  view  adopted,  are  applicable  to  many  more  commonly  used  microwave 
structures.  Section  5.2  briefly  reviews  the  work  done  on  the  transient  re¬ 
sponse  of  straight  waveguides.  Section  5.3  considers,  in  some  detail,  the 
analysis  of  the  sidewall  coupler;  i,e.,  the  real-time  behavior  of  two  uni¬ 
form  waveguides  coupled  through  a  H?qe  aperture  is  a  common  sidewall „  The 
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fact  that  the  aperture  is  large  is  quite  pertinent,  since  the  complementary 
problem  of  rectangular  waveguides  coupled  by  small  apertures  involves  quite 
different  mathematical  representations.  Section  5.4  presents  the  results 
oj  experimental  work  on  the  step,  impulse  and  step-modulated  response  of  an 
L-band  sidewall  coupler. 


5.2  REVIEW  OF  STRAIGHT  SECTIONS  OF  WAVEGUIDES 

34 

In  previous  reports*3  the  transient  solution  for  a  section  of 
waveguide  was  examined  from  a  number  of  points  of  view.  The  general  discus¬ 
sion  and  results  are  reviewed  here,  since  they  form  an  integral  part  of  the 
analysis  of  sidewall  couplers  contained  in  Sec.  5,3, 

As  explained  in  previous  reports,  the  analysis  of  waveguide  com¬ 
ponents  differs  conceptually  from  nondispersive  microwave  structures  in  that 
the  input-output  quantities  are  in  general  vector  field  components  rather 
than  scalar  voltages.  To  interrelate  these  various  output  field  quantities 
to  input  variables  requires  a  dyadic  system  function.  From  a  formal  point 
of  view,  the  impulse  response  contains  all  the  information  about  the  transient 
and  steady-state  response  to  any  arbitrary  input.  Knowing  the  impulse  re¬ 
sponse  allows  one  (in  principle  at  least)  to  compute  the  complete  response 
to  any  other  input  excitation.  Finally,  ssymptotic  estimates  of  the  set¬ 
tling  time  caw  obMined  by  examining  either  the  impulse  response  or  the 
step  response. 


5 . 2 . 1  Transient  Response 

Consider  the  case  of  mort  practical  importance,  a  rectangular 
waveguide  oDerating  in  the  dominant  mode  TEjq.  One  can  show  that  the  sys 
fern  function  corresponding  to  the  ratio  of  the  H  components  at  z  =  z 

Z  0 

and  z  =  0  is  given  by 


Hz(x,y,zrfp)  _  -  -f  J p2  + 

Hz<x,y.o,p)  "  e 


(5.1) 
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-here  is  the  cutoff  radian  frequency  of  the  guide,  0(x,y)  gives  the 

■  aru verse  spatial  distribution  of  H  c  is  the  velocity  of  light, 

V  "V  +  ui^/c  ,  and  p  is  the  complex  frequency  variable;  p  -  a  +  juj  . 

•  transverse  components  of  the  field  can  be  shown  to  be 

- - 


Ey<x,y,z,p)  =  P»z(x.y.z,P> 


Hx<x,y,z,p)  =  YHz(x.y.z.P} 


(5.2) 


To  find  the  impulse  response  corresj^cdi  ig  to  Fq.  5.1,  the  in¬ 
verse  Laplace  transform  of  Eq.  5.1  is  required.  This  is  found  to  be 


Z  /  2T2 

cx/P  +  (Uc 


A  6( t  -  t)  - 


V 


nA2  -  ZT2 


'l^c/t2  -  T2j  u(t  .  T) 


(5.3) 


2 

here  u(t)  is  the  unit  step  function  r  =  —  . 

The  general  character  of  this  impulse  response  follows  the 
computed  impulse  response  of  an  ideal  high-pass  filter.  First,  there  is 
an  impulse  term  minus  some  oscillatory  function.  It  should  also  be  noted 
that  the  output,  for  t  <  t  is  ~ero.  For  t  »  t,  Eq.  5.3  reduces  to 

J  (iu  t) 

h(t)  =  u>  t  - - -  (5.4) 

c  t 

This  form  of  the  equation  resembles  the  output  of  the  high-pass  filter, 
since  as  t  -*  •  ,  J .  ( u>c t )  approaches  sin  u>ct  . 

Returning  to  the  system  function  of  the  transverse  components, 
it  can  be  seen  from  Eq.  5.2  that  the  impulse  response  for  Ey(z, t)  can 
be  found  by  differentiating  Eq.  5.3  with  respect  to  t  .  (These  expres¬ 
sions  have  been  given  in  previous  reports.)  The  various  impulse  responses 
consist  of  impulses  and  their  derivatives  (i.e.c  doublets),  as  well  as 
oscillatory  Bess';!  functions.  Figure  5-1  shows  the  response  H(z.t)  to 
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FIG.  5-1  The  normalized  waveguide  impulse  response 
to  excitation  of  H  at  z=0  . 


an  Impulsive  H  field  applied  at  z  =  0,  The  transient  response  of  a 
z 

straight  length  of  rectangular  waveguide  was  computed  by  treating  the 
structure  as  a  two-port  network. 

The  explicit  assumption  that  the  impulsive  response  corresponds 

to  an  impulsive  excitation  of  one  of  the  field  components,  say  H  E 

z  y 

or  Hx,  is  not  realistic  in  most  practical  cases.  For  example,  if  a 
laboratory  setup  designed  to  test  waveguides  is  arranged  with  coaxial-to- 
waveguide  transitions,  it  is  unreasonable  to  expect  that  an  impulsive 
voltage  applied  to  the  coaxial  line  will  result  in  impulsive  field  com¬ 
ponents. 

A  more  reasonable  model  results  by  assuming  that  an  impulsive 
voltage  produces  (approximately)  an  impulsive  current  across  the  guide. 
This  problem  is  important  because  it  closely  simulates  the  experimental 
setup  used  in  evaluating  the  theoretical  results.  If  the  impulsive  exci¬ 
tation  of  a  coaxial  system  produces  an  impulsive  current  density  across 
the  waveguide,  the  transverse  electric  field  E  that  propagates  down 

35  y 

the  guide  is  then  given  by  Collin  as 


The  impulse  and  step  responses  are  shown  in  Fig,  5-2,  These  solutions 

have  been  the  basis  for  Saxton  and  Schmitt's  experimental  verification 

36 

of  the  transient  response  of  waveguides. 


The  pririv^s  section  reviewed  the  results  already  obtained  for 
the  transient  response  of  a  uniform  waveguide.  There  is  ^uch  sore  literature 


FIG.  5-2  The  normalized  impulse  and  step  responses  for  a 
rectangular  waveguide  excited  by  a  line  source. 
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available  on  the  step-modulated  response  of  uniform  waveguides.  It  is 

rather  unfortunate  that  so  basic  and  seemingly  straightforward  a  problem 

should  turn  out  to  be  extremely  unwieldly  from  a  mathematical  point  of 

view.  The  original  work  on  this  problem  (and  still  the  most  compile)  is 

37 

contained  in  Cerrillo's  dissertation.  He  shows  (among  other  things)  that 
the  step-modulated  response  of  a  uniform  waveguide  can  be  expressed  in 
terms  of  Lommel  functions.  For  the  range  of  values  of  usual  interest  no 
tables  of  these  functions  are  available.  Recently,  several  investigators 
have  reopened  this  complex  problem  and  have  added  to  it  considerably  by 
applying  the  mathematical  results  to  cases  of  particular  practical  im¬ 
portance.  In  principle,  the  response  of  an  ideal  wa\reguide  to  a  step- 
modulated  input  of  the  form 


e(t)  =  sin  o)  t  u(t) 
o 


(5.7) 


is  given  by  the  well  known  inversion  formula 


r(t)  = 


e+ptdp 


(5.8) 


One  notices  that  the  integrand  has  a  branch  cut  at  5 >  =  ±  ju>  and  a  pole 

c 

at  p  ■■=  ±  jin’  Karbowiak*  obtained  asymptotic  expressions  for-  the  step- 
modulated  response  in  essentially  three  regions  of  time:  a)  a. region  of 
antecedents,  b) ajwin  signal  region,  and  c)  the  posterior  transient  region. 

His  approach  makes  use  of  branch-point  integration  in  tie  complex  plane* 

39  *  \> 

More  Recently,  Wait  and  5pies  treated  the  problem  of  propagation  between 
parallel  plates  and  were  able  to  derive  a  power-series  solution  which  is 
basically  equivalent  ttf  Cerrillo’s.  Wait  and  Spies  compare  their  results  to  the 

_  _r  I'S..  3  -  .  ii  <[i»-  •-  v..  Az-J.it  '  ^tfT  *  ,.>’!■  '  *  . 

use  of  FresneJ  integral  ip^yoxijiatipns  to..  £het.  jtjaasffr.,  function  of  the  wave¬ 
guide*  Suseaa  previously  treated  the  step-modulated  response  of  a  wave¬ 
guide  by  starting  from  the  impulsive  response  in  the  time  domain  and  deriving 
an  upper  bound  on  the  buildup  time  which  agrees  well  with  experiment* 


Since  the  major  emphasis  in  this -report  is  on  the  transienc  per¬ 
formance  of  microwave  structures,  several  remarks  that  indicate  how  this 
work  can  be  related  to  broadband,  behavior  seem  in  order.  When  the  exci¬ 
tation  to  a  waveguide  is  relatively  narrow  band  and  not  too  close  to  cutoff, 
it  seems  expedient  to  rely  on  frequency-domain  concepts  in  analyzing  the 
distortions  introduced  by  the  waveguide.  However,  when  very  broadband 
signals  are  use''  (or  signals  extending  close  to  cutoff),  accurate  results 
can  be  obtained  only  by  using  exact  results,  and  one  is  forced  to  use  either 
Cerrillo's  exact  expressions  or  the  time-domain  approach  via  a  convolution 
with  the  impulsive  response  of  the  waveguide.  Either  of  these  approaches 
requires  the  use  of  a  high-speed  digital  computer. 

The  following  section  treats  the  transient  response  of  sidewall 
couplers.  The  emphasis  here  is  placed  on  obtaining  a  clear  picture  of  the 
mode  coupling  in  the  transient  case.  The  step-modulated  response  of  a 
real  coupler  is  discussed  in  Sec.  5.4  but,  as  might  be  axpected,  only 
qualitative  agreement  can  be  claimed  for  these  results. 

5.3  ANALYSIS  OF  SIDEWALL  COUPLERS 

Consider  the  ideal  sidewall  coupler  shown  in  Fig.  5-3.  It  con¬ 
sists  of  two  rectangular,  uniform  waveguides  coupled  by  an  aperture  across 
the  narrow  face  of  the  adjacent  walls.  For  analysis  it  is  convenient  to 
divide  this  four-port  structure  into  three  regions.  Region  I  is  the  input 
section,  region  II  is  the  coupling  section,  and  region  ITI  is  the  output 
section.  The  device  is  designed  to  operate  over  a  band  of  frequencies 
such  that  only  the  dominant  TE1(,  mode  can  propagate  in  each  of  the  wave¬ 
guides  in  the  input  and  output  regions  (I  and  III),  In  region  II  it  is 
assumed  that  the  dominant  mode  and  the  next  higher-order  mode  (TE2q) 
are  the  only  propagating  modes. 

In  considering  the  interaction  of  the  electromagnetic  fields  in 
the  three  regions  of  interest,  it  is  best  to  start  with  the  field  configu¬ 
rations  for  the  propagating  modes.  In  regions  I  and  III  the  field  com¬ 
ponents  are 


E  sin  ^ 
o  a 


H  =  E  =  0 

y  z 

E  f 

-  T)  f  cos  a 


(5-9) 


All  the  other  field  components  are  zero,  Z^,  is  the  characteristic 
Impedance  of  the  guide  and  is  given  by 


(5.10) 


where  f  is  the  cutoff  frequency  of  the  guide  and  is  given  by 

c 


f  =  for  the  TE  mode. 
Cj  2a  10 


(5.11) 


In  the  coupling  region  (region  II)  the  expression  for  the  field 
omponents  are  the  same  as  Eqs,  5.9,  with  a  replaced  by  2a,  That  is 


E  =  Esin  OS 
y  o  2a 


H  =  -  — *- 
x  ^ 


(5.12) 


=  ~t‘  co*  2? 


where  f  is  given  by 
c2 


f  = 

c2  4# 
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The  field  components  3 jrresponding  to  the  TEgg  mode  in  region  II  are 
given  by  the  same  expressions  as  Eqs,  5.9.  In  the  normal  mode  of  operation 
all  higher-order  modes  are  cut  off.  The  resulting  range  of  operation  for 
the  coupler  Is  shown  schematically  in  Fig.  5-4,  which  shows  the  relai.ive 
cutoff  frequencies  for  the  higher-order  modes  (where  it  has  been  assumed 
that  a/b  =2),  Ip  the  actual  sidewall  coupler  the  "a"  dimension  of  the 
coupling  region  is  somewhat  reduced.  This  is  done  to  move  the  cutoff  of 
the  TE3q  mode  up,  thereby  extending  the  useful  operating  range  of  the 
device.  A  tuning  post  is  also  provided  in  the  form  of  a  bubble  in  the 
coupling  region;  this  is  needed  t)  insure  good  isolation  at  the  decoupled 
port.41 

To  understand  the  transient  behavior  of  this  rather  complicated 
structure,  it  suffices  to  know  the  responses  of  the  device  to  an  impulsive 
excitation  at  one  of  its  inputs.  It  is  also  convenient  to  take  advantage 
of  the  inherent  symmetry  of  the  structure  and  consider  the  input  at  a  single 
port,  say  port  1,  as  due  to  the  sum  of  an  "even-mode”  and  an  ”odd-mode” 
excitation  at  ports  1  and  2.  The  even-mode  excitation  consists  of  a  TEJQ 
field  distribution  at  ports  1  and  2;  the  odd-mode  excitation  consists  of 
a  TE1q  field  distribution  at  port  1  and  its  negative  at  port  2.  The 
desired  response  is  seen  to  be  due  to  the  sum  of  the  even-and  odd-mode 
excitations  and  will  simply  be  called  the  sum  mode. 

The  convenience  of  this  approach  lies  in  the  fact  that  one  can 
assume  that  the  odd  mode  propagates  through  the  entire  structure  with 
virtually  no  distortion  due  to  the  discontinuities  at  the  interfaces  of 
the  various  rogions.  This  is  true  as  long  as  the  dimensions  of  the  inner 
wall  are  kept  small.  The  effects  of  these  discontinuities  on  the  various 
modes  are  dis.ussed  in  the  following  stection. 

c* 

5.3.1  Effects  of  Discontinuities 

To  quantitatively  analyze  the  effects  of  the*  abrupt  change  in. 
going  from  regions  I  to  II  and  II  to  III  generally  requires  the  solution 
of  an  integral  equation  for  the  admittance  of  the  junction.  The  particular 
model  needed  for  the  sidewall  coupler  corresponds  to  what  is  commonly  called 
an  H-plane  bifurcation.  Marcuwitz  *  treats  this  type  of  junction  and  derives 


--it?2-- 


Note  s  Frequency  ssis  is  normalized  to  cutoff  frequency  of 
TE,0  mode  of  Input  section 

FIG.  5-4  The  mode  cutoffs  for  the  ideal  sidewall  coupler. 


an  equivalent  circuit  which  indicates  that  the  junction  is  essentially 

equivalent  to  a  hybrid  coil  arrangement.  However,  his  range  of  values 

of  the  equivalent  circuit  is  limited  in  the  frequency  domain  to  the  usual 

operating  ra-^ge  of  the  waveguide.  An  exact  solution,  using  the  Weiner-Hopf 

integral  equation  approach,  can  be  found  in  Jones, ^  but  here,  too,  Jones 

treats  the  case  where  the  smaller  waveguides  are  cut  off  at  the  operating 

frequency.  In  order  to  apply  the  results  of  this  classical  boundary-value 

problem  to  the  distortion  of  transient  signals  we  need  an  approach  which 

gives  the  correct  junction  behavior  at  high  frequencies  (since  it  is  this 

portion  of  the  frequency  band  which  determines  the  behavior  of  the  incident 

field).  For  this  purpose  we  have  chosen  to  use  the  Schwinger-Lewin  vari- 
44 

ational  method. 


Consider  first  the  case  where  the  even-mode  excitation  in  region  I 

is  incident  on  region  II.  It  can  be  shown  that  the  junction  admittance  is 
41 


given  by 


*i 


Ey  cos  S  dx  |  + 

... 


V 


y  = 


£y  cos  SX*  dx 


4XM 


- 

a  _ 

r 

E  sin  ^  dx 

L  J 

y  a 

(5,13) 


where 


k  = 


c 


Because  cf  the  stationarity  of  this  expression  for  the  admittance,  one  can 

approximate  E  (the  field  distribution  at  the  junction)  by  sin  1L-  . 

y  a 

With  this  approximation  the  real  and  imaginary  parts  of  the  junction  admit¬ 
tance  become 


G  = 


li 


JB  =  —~— 
2. 

TT  kj 


a 


0=3, 5,7, . 
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(5.14) 


Knowing  y  we  can  find  the  reflection  and  transmission  coefficients;  they  are 


B  - 


1 _rJ£ 
1  +  y 


32  1 

3n  1  +  y 


(5.15) 


The  meaning  of  S  is  clear,  the  meaning  of  T  requires  a  note  of  explanation. 
T  gives  the  transmission  coefficient  relating  the  incident  even  mode  to  the 
TE^  mode  in  region  II. 

In  a  completely  analogous  way,  one  can  derive  the  equivalent  admit¬ 
tance  for  the  TE,0  mode  in  region  II  incident  on  region  III;  the  resulting 
admittance  is 


G'  = 


9r~ 

"64* 


09 


m=3,  5,7 


ym 

(4-m2)2 


1  +  y' 


3n 

T '  ~  - 

8(1  +  y') 


(5.16) 


We  could  also  derive  the  equivalent  admittance  for  the  odd  mode, 
but,  as  we  indicated  before,  one  can  verify  that  the  odd  mode  dees  not 
encounter  any  distortion  due  to  the  discontinuities  at  the  interface  of 
the  various  sections, 

5.3.2  Matrix  Analysis  of  Sidewall  Coupler 

To  ai8ke  effective  use  of  the  calculations  in  the  previous  section 
the  following  mathematical  artifice  is  used,  A  scattering  matrix  S' 
describing  the  junction  effects  is  first  formulated.*  The  S'  matrix  is 
then  modified  to  take  into  account  one-half  the  length  of  waveguide  in 

*  A  detailed  discussion  of  the  use  of , scattering  matrix  techniques  to 
determine  the  transient  response  of  microwave  networks  is  presented 
in  Appendix  D, 
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region  II,  The  requiting  structure  Is  then  cascaded  with  Its  ilrror  image 
bj  using  the  well  known  formulas  for  cascade  connections.*2  The  use  of 
scattering  matrices  for  a  description  of  dl scontinoities  is  well  known,  but 
the  development  here  Is  unconventional  In  the  sense  that  It  has  been  found 
advantageous  to  use,  not  the  incident,  and  reflected  voltages  at  the  various 
ports,  out  independent  linear  combinations  of  these  so  that  the  elements  of 
the  resulting  scattering  matrix  are  exactly  the  quantities  computed  in 
Sec,  5.3,1, 


Consider  then  the  mathematical  model  shown  in  Fig,  5-5.  The  in¬ 
put  port  quantities  correspond  to  even-  and  odd-mode  excitations  at  ports 
1  and  2  of  the  sidewall  coupler.  The  output  quantities  are  the  wave  ampli¬ 
tudes  of  the  lE^  and  TE 2q  mode  signals  in  the  coupling  region  of  the 
coupler.  For  our  purposes  we  have  taken  the  network  representation  to  be 
a  4-port  network.  To  be  completely  rigorous  would  require  a  doubly  infinite 
nuiiioer  of  input  and  output  ports  to  handle  not  only  the  mode  which  propa¬ 
gates  but  also  those  that  are  cut  off,^*1  This  additional  complication  has 
been  avoided,  since  it  e*n  be  shown  that  it  will  have  only  a  minor  effect 
on  the  results.  (Notice  that  the  presence  of  cutoff  modes  was  considered 
in  the  calculation  of  R,  r',  T  andT',)  Denoting  a^,  a^,  a3b3,  and 
a4b4  as  the  incident  and  reflected  scattering  variables  at  the  even  mode 
input  port,  odd  mode  input  port,  TE^  output  port,  and  TE20  output  port, 
respectively,  the  scattering  matrix  for  the  junction  is  then  seen  to  be 
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For  convenience,  we  shall  write  this  matrix  relation  in  the  partitioned 
form 
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It  is  well  known  that  adding  lengths  of  waveguide  to  various 
ports  results  in  a  new  scattering  matrix  given  by 


s  =  es'e 


(5.19) 


-JYi* 

where  9  is  a  diagonal  matrix  with  entries  e  ;  here  £  is  the  length 
of  the  waveguide  and  y  is  the  propagation  constant.  If  the  length  of  the 
coupling  region  is  i  ,  then  the  resulting  scattering  matrix  is 
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where  ^  is  the  2  \  2  identity  matrix,  0  is  the  2x2  zero  matrix,  and 

-ivi/2  f  -jY2^/2\ 

e  JY  is  a  diagonal  matrix  /e  *  e  /  .  When  Eq.  5.20  is 

combined  with  Eq.  5.17  the  resulting  overall  scattering  matrix  is 
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This  overall  network  is  then  cascaded  with  its  airror  image. 

The  derivation  for  the  resulting  scattering  is  well  known  and  is  reviewed 
in  Appendix  0,  The  final  result  corresponding  to  Fig.  5-6  is 
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FIG.  5-5  Scattering  matrix  formulation. 
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FIG.  5-6  Tbs  sidewall  coupler  as  i  cascade  connection. 
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where  the  starred  quantities  denote  the  scattering  variables  and 
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To  use  the  above  development  for  a  case  of  practical  interest, 
assume  that  the  output  of  the  coupler  is  notched  (that  is,  a*  -  a|  =  0) 
and  that  port  1  is  excited  with  an  input  of  unit  amplitude.  Then  aj  =  +  2 
and  ag  =  +  2  because  this  sum  of  the  even  and  odd  inodes  yields  a  single 
unit  input  at  port  1,  The  reflected  variables  can  then  easily  be  found 
to  be 
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h*  -  1  i2 
b2  ?  *2 


These  are  the  outputs,  hut  expressed  in  terms  of  an  even  and  odd 
modal  decomposition .  In  terms  of  actual  output  variables  we  need  b  ±  b„  and 

ft  ft  Id 

bj  ±  bgi  thus 


bl  *  b2  2 


bl±b2-2 


r  +  t'tA' 

i  -  a  ,2v^ 

tt  'v2  \2 


(5.26) 


It  should  be  recognized  that  B,  R,'  T  and  T*  are  all  functions  of 
frequency.  For  r.ny  one  frequency.  *-'qs.  5.26  contain  all  the  information 
needed.  For  example,  the  condition  that  the  sidewall  coupler  be  a  3  dB 
coupler  is 


K  +  b2i  *  b 1  ’  b2 


(5.27) 


For  our  purposes  it  i&  convenient  to  formally  expand  the  denominator  term 
in  Eqs.  5,26.  Th  leads  to 

“l  *  *2  =  ±  2  kl  +  2  TT'Xf  j1  *  B'2'?  '  KV)2  +  +  ...  | 
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_  2  "  cV  P  +  “c 

Since  is  of  the  form  e  in  the  p  domsrfh,  the  output  is 

seen  to  be  a  tiain  of  distorted  waveforms  similar  to  the  transient  solution 
for  a  straight  section  of  waveguide  (see  Sec.  5,2).  Additional  distortion 
is  introduced  sinue  the  reflection  and  transmission  factors  are  also  functions 
of  p.  Some  quantitative  data  can  be  obtained  by  applying  a  modified  initial- 
value  theorem  (see  Appendix  D)  hut  since  *he  solution  is  known  to  be  highly 
oscillatory  the  first  few  terms  of  the  power  series  that  results  give  very 
little  information.  It  is  clear  from  Eq,  5,28  that  successive  refl  'ctions 
are  separated  in  time  by  2^j  seconds,  where  &  is  the  length  of  the  coupling 
region. 

r 

5.4  EXPERIMENTAL  RESULTS  -  SIDEWALL  COUPLER 

To  experimentally  verify  the  suitability  of  some  of  the  approxi¬ 
mations  made  in  Sec.  5.3  and  to  obtain  meaningful  results  for  rea*  sidewall 
couplers,  an  L-band  sidewall  coupler  was  tested.  The  experiments  consisted 
of  displaying  both  the  impulse  and  step-modulated  responses  for  even-  and 
odd-mode  excitation  between  various  ports.  The  means  for  generating  these 

A  4 

test  sigpals  have  been  discussed  in  previous  reports,^  To  summarize,  the 
test  signals  used  for  the  waveguide  sidewall  coupler  were:  Cl)  a  0.2  nsec 
video  pulse,.  anii  (2)  16  eyelet  of  a  1350  MHz  step-modulated  signal.  These 
signals  were  synthesized  from  the  output  of  the  Hewlett -Packard  time-domain 
reflectometer  and  were* applied  to  the  waveguide  through  an  L-band  coax-to- 
waveguide  adapter.  The  sidewall  coupler  is  21  inches  long,  coupled  over  a 
region  of  8  inches  by  a  large  aperture  in  the  sidewall. 

The  impulse  response  of  the  sidewall-  ^upldr'was  examined  experi¬ 
mentally  ly  applying  the  0.2  nsec  pulse  ttK  port  1  of' the  coupler  (see  Fig. 

,'*r- 

5-3)  and  measuring  the  response  at  the  other  three  ports.  This  was  dune 
for  three  types  of  modal  excitation,  the  even,  odd,  and  sum  modes;  the 
results  are  shown  in  Figs,  5-7,  5-8  and  5-9,  respectively.  During  the 
tests  all  unused  ports  were  terminated  in  a  matched  load.  In  Fig.  5-7  one 
notes  that  the  responses  at  ports  3  and  4  for  the  even-mode  excitation  are 
identical.  The  presence  of  distortion  due  to  multiple  reflections  is 
evident  after  approximately  1.6  nsec,  while  the  overall  transient  is  basi¬ 
cally  zero  after  20  nsec.  From  this  one  can  conclude  that  an  upper  bound 
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ob  the  buildup  time  for  the  step -mocra  luted  response  is  20  nsec  (as  previous 
experience  has  shown,  this  is  a  rather  gross  upper  Bound,  and  one  expects 
buildup  timer,  which  are  cor  si  der  ably  shorter). 

Figure  5-8  shows  the  isapulse  response  of  the  L-band  sidewall 
coupler  for  the  odi-mode  excitation,  i.e.,  where  the  excitations  at  ports  1 
and  4  are  the  negative  of  each  other.  From  theory  one  would  expect  this 
type  of  excitation  to  create  a  minimum  of  distortion,  since  the  transport 
mechanism  from  input  to  output  involves  only  one  modal  configuration,,  From 
Fig.  5-8  it  is  evident  that  distortion  due  to  internal  re-reflections  does 
not  take  place  befo-re-  2.5  nsec  of  time  delay.  The  compressed  view  in  Fig.  5~8 
shows  that  the  transient  response  is  somewhat  longer  for  the  odd  mdo,  lasting 
approximately  24  nsec. 

Figure  5-9  shows  the  transient  response  to  the  sum  excitation  (the 
even  plus  odd  excitation).  First  of  all,  it  should  be  nored  that  at  ports 
3  and  4  the  initial  output  is  positive.  The  outputs  at  ports  3  and  4  are  not 
identical,  b«t  have  the  same  general  character.  The  output  at  port  2,  the 
normally  decoupled  port,  is  quite  different.  First,  the  output  is  not  zero, 
as  might  be  predicted  frost  the  steady-state  characteristics  of  the  device. 

The  output  at  the  decoupled  port  builds  up  gradually,  with  distortions  due  to 
re-refiectic»s  occurring  2,S  asee  after  the  initial  excitation, 

figure  5-10  shows  the  stap-modulated  response  of  the  sidewall 
coupler  to  a  13 §0  MBs  signal  applied  as  an  evse  and  add  excitation.  We  see 
that  at  | 3  the  even  and  odd  modes  have  apposite  polarity.  The  odd  mode 
has  e  slightly  longer  rise  Sim  as  c&njectured  frm  tha  results  of  the 
transient  excitation.  The  rise  time  is  sees  to  be  m  tfe©  order  of  2  asec 
in  all  eesesf  the  buildup  lias©  is  ®ach  losgwr. 

Figure  5-1 l  shows  the  response  of  the  sidewall  coupler  to  the 
1330  MHz  step-modulated  signal  applied  is  the  sum  ®$de.  The  outputs  st 
ports  3  and  4  have  almost  identical  rise  times,  but  the  buildup  tine  at  port 
3  is  slightly  less  than  that  at  port  4.  Th®  output  at  port  25s  quite  low. 
with  no  spurious  level. 
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5.5  CONCLUSIONS 


The  transient  response  of  the  sidewall  coupler  is  similar  in 
several  respects  to  the  transient  response  of  interconnections  to  TEM-mode 
lines.  The  response  consists  of  delayed,  but  now  modified,  versions  of  a 
basic  fens.  The  delays  are  governed  by  the  electrical  dimensions  between 
discontinuities  and  depend  on  the  reflection  and  transmission  coefficients 
at  the  junction.  The  response  is  complicated  by  two  inherent  properties 
of  the  structure’s  geometry.  First  of  all,  the  propagation  through  the 
straight  sections  of  waveguide  is  affected  by  the  dispersive  nature  of  the 
propagating  characteristics.  The  degree  of  dispersion  depends  on  the  cutoff 
frequency  of  the  mode  considered  and,  unfortunately,  on  the  length  of  the 
waveguide.  The  second  complexity  arises  from  the  fact  that  the  junction 
effects,  the  reflection  and  transmission  coefficients,  depend  on  frequency 
in  a  complicated  way.  These  two  factors  alone  are  sufficient  to  make  any 
attempt  at  obtaining  exact  agreement  between  theory  and  experiment  extremely 
difficult. 

To  add  to  the  difficulty,  the  basic  waveguide  acts  as  a  high-pass 
filter:  since  the  display  equipment  has  a  high-frequency  cutoff,  there  is 
an  inevitable  degree  of  rounding  caused  by  the  display  equipment.  For  the 
case  of  TEH-mode  structures,  this  distortion  is  sot  critical  because  the 
impulsive  train  is  time  separated;  for  waveguides,  however,  the  transient 
response  is  not  a  train  of  impulses  but  a  highly  oscillatory  waveform,  and 
the  distortion  introduced  by  the  display  equipment  effectively  masks  the 
details  of  the  waveform. 

The  best  that  can  be  obtained  from  ah  investigation  of  the  transient 
response  of  highly  dispersive  devices  is  a  better  and  clearer  understanding 
of  the  mechanism  of  transient  behavior.  This,  we  feel,  has  been  accomplished. 
It  is  interesting  to  note  that  the  analysis  given  in  Sec.  5.3  relies  neavily 
on  the  syranetry  of  the  structure  involved;  this  geometric  property  is  inde¬ 
pendant  of  frequency  and  so  is  equally  valuable  in  a  frequency-  or  time- 
domain  approach. 


APPENDIX  A 


A  NUMERICAL  APPROACH  FOB  EVALUATING  WAVE  PROPAGATION  THROUGH 
A  SEMI -INFINITE  FERRITE  MEDIUM 

The  discussion  below  provides  a  method  for  inverting  the  Laplace 

transform  (LX)  of  Eq.  2.2  numerically.  Briefly  swa aarized.  the  procedure 

involves  the  application  of  the  initial  value  theorea  (LT  theory)  to  invert 

rnne  ictiily  the  system  function  of  a  propagating  medium.  The  significant 

feature  of  this  method  is  the  fact  that  because  the  signal  is  traveling 

through  a  distributed  medium,  it  is  delayed  and  no  longer  exists  at  t=0  . 

Hence  the  response  must  be  advanced  by  the  signal  front  delay  T^r  (i.e., 

retimed  to  the  origin)  before  the  initial  value  theorem  can  be  applied. 

34 

This  technique  is  described  in  detail  in  a  recent  IEEE  Journal.  Thus, 
if  the  response  of  a  network  to  a  step  excitation  is  given  by 

X 

g( t)  < — ►  G( p)  =  F(p)*H(p) 

where 


Hjtp) 

H2(P> 


LT  (h(t>)  =  Hx(p)  +  fLjtp) 
exp{-  pz  /u0  +  K)j 

oxp{-  pz /n0  a(u  -  k)j 


(A.l) 


then 


g(  t 


-  Tfr>  =  ^3 


ijtOf) 

V. 


The  Fourier  transform  of  h(t)  caa  be  found  from  H(p)  by  substl- 

.. .  .  „  •  .  •  •  '  ;  •  i  ••  1  ‘  ' 

tiling  Jsa  for  p  in  Eq.  A.l.  Thus 


H(u))  -  H(p)i  =  A(®)  exp[-J0C(D)] 

>p=j<D 


Thm  by  definition 


Tfr  " 


Ain 

Qtr*» 


9(  ®) 

U) 


This  can  be  jhcurn  to  be 


Ain  ^  =  t  »  =  VO 
oj  ir 


Using  the  procedure  outlined  la  ref.  34,  the  first  four  terns  of  the 
Maclaurin  series  expansion  of  g(t)  are  given  by 


+ i  [a + 4bKs6  + 5,4  W) 


In  order  to  adequately  represent  the  function  it  is  necessary  to  evaluate 

'  ••  •  *  •  •  •  •  • 

the  terra  of  the  expansion  which  is  of  the  fern 


g(n)(0+)  =  iia  fp**1  G(p)e?  fr  -  png(Of)  -  ...  -  p2gC n"2 0*-)  -  pg*n"l)(0i-)) 

P“*®  V.  J 

The  inversion  intergral  was  approached  directly  by  B.  Church,  Research 
Staff  Member,  SBBt,  and  has  been  programmed  for  the  709d  using  a  method  to  be 
described  in  a  forthcoming  Besearch  Beport. 

Principal  features  of  the  method  are: 

(1)  Choice  of  path  of  integration  sufficiently  to 
the  right  of  the  origin  that  singularities  at 
the  integrand  are  not  troublesome. 

(2)  Use  of  the  efficient  high  order  Gaussian 
quadrature  formulas  for  the  near  region. 

(3)  Use  of  the  Euler  transformation  for  a  slowly 
converging  alternating  series  for  the  tails. 

The  results  of  these  methods  are  shown  in  Fig.  A-l. 
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im  co^ir£?^ncNAL  ^ALiry  mzwR  q 

(G,  F.  Ross,  Sperry  Ssnd  Research  O  .  '  ’?•) 

I.  INTRODUCTION 

In  the  narrow-bind  sense,  Q  is  defined  as 


0  - 


^o'^Total'  J. 

*  o 

<Fd> {w 


(8.1/ 


vnere  »uq  is  the  remnant  frequency  of  the  system,  (^fotaP^o  is  the 
time  average  of  the  t  tal  stored  tnergy  at  ,  *>nd  <Pd)Ju;o  is  t*1"-  time 
average  of  the  po*er  dissipated  in  the  network.  The  definition  is  applied 
tc  driving-point  (dp)  impedance  measurements  and  "loosely"  to  transfer- 
function  Hseasurements.  A  more  general  definition  of  Q  be  obtained  by 
usir-.g  the  relationship 


o  . 

t  VlN  =  <Pd  >  +  jzwf  (Wffi> 


\ 


<W  >  \ 
e  / 


It  is  not  difficult  to  show  that  this  relatidsship  is  given  by 

is  a  U /<W  )  -  <t*  )%  i 
o  “T”  t  V  w  ■  uFUi 
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J&L 


(B,2) 
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and  the  method  used  to  obtain  this  solution  «ill  x>«  demonstrated  here. 


*This  definition  is  still  a  narrowband  approxieatios*  as  will  soon  beet®** 
evident. 


L%1 


Xu  the  very  *.arrowbaad  case,  the  impedance  or  transfer  fp-.etion 
in  question  m$y  bo  represented  by  an  equivalent  circuit  consisting  of  a 
single  resistor  &e  as  indaeter  L,  and  a  capacitor  C,  all  cisn&ected  in  series. 
Then,  for  a  given  current  raagnittsde  jlj  it  is  clear  tftst  the  time  average 
of  the  power  dissipated  ip  the  resistor  is  give?;  by 


while 


<Pd>  -  jlj2  R 

«)sU  III2  (B.3) 
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and 
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L  iii 

A  Zr. 
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Substitetiag  the  values  given  in  Eq.  3.3  into  Eq.  B.2*  we  obtain 


(B.4> 


This  is  identical  to  Eq.  0..1 
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U.  STORED  ENERGY  AM)  THE  TRANSFER  FUNCTION  F05  A  LOSSLESS  TWO -FORT 


For  the  special  case  where  a  network  is  lossless  and  reciprocal, 
the  unitary  condition  an  the  scattering  matrix*  can  be  applied*  resulting 
in 


lsal2-‘-lsul: 


(3,6) 


We  can  evaluate  |S  I  since 
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Letting 


and 


W 


we  have  from  Eq.  B. 
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(  <P>  -  i)2  +  w2 

(  <P>  +  l)2  +  l2 
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rtd 
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(B.9) 


Next  we  define  u>Q  ,  the  resonant  frequency  of  the  network,  as  that  frequency 
where  the  time  average  of  the  stored  electric  and  magnetic  energies  are 
©qual*^  ThuSf  in  Eq,  B.9  wa  have,  at  resonance* 

-a 

S  S6*  a  Ie  the  ioestity  matrix. 

B-3 
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KoEffializing  Eq.  B.9  with  respect  to  £q.  B»iO«  we  obtain 
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Expanding  W  in  a  Taylor  series  about  the  resonant  frequency  to*)  ,  we  have 
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because  ?t  resonance  <§e>  =  (ty  .  Substituting  Eq.  B.12  into  Eq. 
B.ll,  we  obtain 
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sgsin  letting  P  = 
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At  the  “half -power"  frequencies,  ls2i!‘"Nora  =  ^2*  This  occurs  at  the 

frequencies  for  which 


{Pd)  -*■ 


=  <B0  2<*^c'  gj(<»e>  -  <VH  +  *'* 


or  (approximately)  when 
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Using  the  narrow-band  definition  of  Q  ,  we  ha?e 


U) 

Q  .a 

to 


(B.  17 


or,  alternately, 


Q  = 


(B.  16) 


which  is  almost  ident  ’  to  the  form  given  in  Eq,  B.2  and  reduces  (with 
interpretation)  to  tiu  ,11  know?i  definition  given  in  Eq,  B.  1  for  the 
series  RLC  circuit  resonant  at  wQ  .  It  is  instructive  to  interpret  the 
result  given  in  Eq.  B. 18;  the  term  <Pd)  is  clearly  the  power  dissipated 
in  the  load  and  is  equal  to  |Vq|  .  This  follows.,  since  the  network  was 
assumed  lossless  except  for  the  termination;  therefore, 


jlj2 


Re  Zdp  =  |Sa 


2  _  /  lljf\2  - 

"1  2  J  pi*" 


<Pd> 


(3.19) 


wherc  I  is  the  peek  value  of  the  total  sinusoidal  current  entering  the 
port.  The  tens  }Xp  ,  also  in  the  denominator  of  Eq.  B.  18  is  the 
power  dissipated  il  the  source  impedance  of  the  generator.  If  the  network 
is  "transparent"  at  resonance,  we  have 


Jill!  =  <Pd> 
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One  can  consider  the  "loaded  0"  (or  the  Q  including  the  loss  introduced 
by  bath  the  lead  and  source  impedances)  as  given  by 


S5-6 


(6.21) 


where  if  will  be  ressab-er&d  that  the  term 


f(<V  -  <*j)}p 


closely  appreciates  the  total  energy  stored  in  the  network  at '  <u0  .  The 
quantity  <Pd)  is  virtually  an  invariant  function  of  frequency.  This  is 
not  surprising  in  broadband  lossless  networks,  since  the  oagnitude  squared 
of  the  transfer  function  (equal  to  <Pd>)  is  by  definition  a  "flat" 

function  of  frequency;  the  phase  function,  however,  c-  be  a  nonlinear 
function  of  frequency. 
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APPENDIX  C 

THE  TRAiiSUISSlQN  COEFFICIENT  AS  A  FUNCTION  OF  TIE  STORED  ENERGY  IN  A  NETWORK 
(G.  F,  Ross,  Sparry  Rand  Research  Center) 

I.  THE  ONE -PORT  NETWORK 


Consider  the  "black  sox"  shown  in  Fig,  C-l  enclosed  by  surface 

S.:  it  is  essentially  a  one-port  network.  It  can  be  shown  that  for  a  one- 
1  1*} 

port  network  t 


2  Win*  =  <Pd>  ^  (W^>  -  (We>^ 


and,  since  Vj^  -*  Ij^^jZdp,  we  have 
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If  the  one-port  network  is  lossless,  (Pd)  =  0  and  the  driving-point  (dp)  impedance 
is  a  strict  function  of  the  stored  energy  within  the  network.  This  relation¬ 
ship  will  be  applied  in  the  next  section  to  study  the  transmission  properties 
of  the  lossless  tworport  network. 


II.  THE  TWO-PORT  NETWORK 


The  network  shown  in  Fig.  C-l  and  enclosed  by  the  surface  Sj  is 
defined  as  a  two-->port  network.  The  network  embedded  in  surface  S  nay  be 

w 

lossless,  but  the  1-ohia  loads  terminating  ports  2,  3,  4,  ...,i  make  the 
overall  two-port  a  lossy  network.  This  type  of  network  has  applications  in 
many  engineering  preDless  where  a  system  is>  excited  at  an  input  port  and  the 
response  is  observed  at  e  specified  output  port;  in©  other  ports  are  "output” 
ports  only  with  respect  to  surface  Sg  .  The  normalised  scattering  matjrix 
of  the  two-port  network  is  described  by 


S0  Cuj)  S_0(u)) 


(C.3) 


where 


b  =  S  a 

b  is  the  column  matrix  representing  the 
reflected  waves 


3  is  the  column  matrix  representing  the 
incident  waves 

Both  S^iui)  and  S39(w>  are  defined  by  the  relationships 

Zdp-  -  1  Zripg  -  1 

Sll<u>)  =  ZAdp1  +  l'  ;  S22(u>)  = 


{C»  4) 


If  we  now  short-circuit  the  output  port,  we  have  b2  =  ~  a2  SB<1* 
using  Eq.  C»3.  we  obtain 


bl  =  ^ll  al  +  S12  a2 


"a2  ~  S21  5I  +  S22  *2 


(C.5a) 


(C»5b> 


Solving  Eq#  C*5b  for  ^  substituting  ratalt  Into  Eq* 
t •  ja  t  Jv?  obtain 


v*f*» 

& 


*■ 


for  the  special  cast  where  the  network  is  reciprocal. 


k]  |  ~ 

Defining  ~  Si©}  and  solving  for  S  (©) ,  we  obtain 

|  n  2  a 

1  1  SC 


-c)  =\/rs 


S21(w)  =  VESi>>  -  s,.',),  [1  4  S0<5(a>) 3 


11 


22 


r 

=  2  \/~ 


*  2dp)  Zdp9 


(1  +  Zdp^)  ^  +  ^  + 


(C.7) 


with  the  aid  of  Eg.  C.4  note  that  Eq.  C.7  expresses  the  transfer  function 
of  interest  (i.e. ,  the  ratio  of  the  reflected  voltage  at  the  output  port  „o 
the  incident  voltage  at  the  input  sort)  in  terms  of  only  the  dp  impedances 
of  the  network  under  matched  end  short-circuited  conditions.  It  is  therefore 
evident,  using  the  results  presented  in  Eg.  C.2  ,  that  the  dp  impedance  can 
be  expressed  in  terms  of  the  time  average  of  the  power  dissipated  and  the 
energy  stored  in  the  network.  Assuming  that  the  time  average  of  the  power 
dissipated  in  the  network  ?s  a  constant  within  the  bend  of  interest  (i  broad¬ 
band  networks  this  is  a  reasonable  assumption)^  then  S,^(u>)  is  given  s'approxi- 
raately)  as  a  function  of  the  energy  stored  ir,  the  network.  If  we  multiply 
$2jlui)  ,  given  in  Eq.  C.7  ,  by  its  conjugate,  we  obtain  the  magnitude  squared 
of  the  transfer  function;  this  Is  also  only  a  function  (to  a  close  approxi¬ 
mation)  of  th'»  energy  stores  in  the  network. 

Ir,  certain  cases  of  practical  importance  (e.g. ,  a  lossless  four-port 
coupler)  it  is  possible  to  express  ib»  general  transfer  function  5, .  (u>) 
between  two  ports  as  an  exact  function  of  the  stored  energy  is  the  network. 

The  procedure  is  to  measure  the  dp  impedance  with  all  output  ports 

either  open-  or  short-circuited  and  relate  the  results  to  S^Cta)  ,  the 
scattering  parameter  obtained  under  matched  conditions.  Since  the  network  is 
lossless,  Xj  can  only  have  an  imaginary  part  &ad  is  therefore  a  strict 
functions*  of  the  stomf  ehargy.  -Soso- ‘-the  outwork  reciprocal  ,  however, 

Reeiproclty  is  delist  by  thfe  relationship  S=S  . 


we  must  obtain  t.ne  solarise  to  ton  s??gyjf  sneaas,  nonlinear  sig«&y&ic  '‘Ra¬ 
tions  ha.ing  tea  unknowns,  making  the  solution  of  the  problem  .impractical  in 
general  Uee  the  next  section). 

III.  SPECIAL  CASE  -  THE  LOisv -.ESS  ISX’PftOCM,  TSB-POtST  NET3DBK 

Assume  the  scattering  matrix  of  a  passive-  linear,  reciprocal 
two- port  netware  is  to  be  determined  only  from  open-  and  short-circuit  tests. 
In  particular,  we  are  interested  is  evaluating  the  transfer  coefficient 
S^iai)  in  ,'eras  of  only  the  open-  and  short-circoi*  parasseters;  the  dp 
impedance  of  a  lossless  network  und^r  open-  or  short-circui .  conditions 
must  be  only  reactive,  and  from  C.2  ws  fcio w  tl  t  the  reactive  component 
is  a  function  of  the  stored  energy  in  the  network. 

If  the  output  erminals  of  the  two-port  network  are  short -cireuited- 

then 


+  S, 


21  a. 


(C.8) 


.  !s  = 

ai 


'21 


+  S 


22  a. 


CC.9) 


Solving  Eq.  CCL9)  for 
obtain 


and  substituting  the  result  Into  Eq, 


»  A 


(C»  JO) 


Siaiimrir,  fcte  output  teralaels  opeo-«ircuited  ^a  fcav© 


|  _  ^  ^21 
i  ~  S  I  —  S  •*  s  B 

«  11  «  11  s22-’ 


(C.  11) 


and 


(C.  12) 


Addis**  EffS.  C.  10  and  C.il  ,  m  ofetaiE 


A  »  B  _ 
1  " 


(C. 13) 


^tifirsctisg  Eq,  C.ll  from  £q„  C.  IQ  ,  wc.  obtain 


(C.14) 


Substituting  Eq.  C.14 


into  Eq«  C.13  and  solving  lor  S^* 


w»  obtain 


Solving  for  S  2  an<j  substituting  the  rese  t  together  with  Eq.  C.15 
into  Eq.  C. 12  ,  we  obtain 


E  - *z?  *  1 


(C.  16) 


and.  finally,  using  Eq.  C. 14  . 


(C.  18) 


The  interpretation  of  Eq.  C. 18  is  of  interest.  The  result  holds 
for  a By  lossy  reciprocal  two-port  network  and  should  be  identical  to  Eqs. 

€.?  and  C.S  after  mathematical  manipulation.  However,  if  m  allow  the 
network  to  be  lossless,  then  A.  B.  and  C  oust  have  a  magnitude  of  unity:  the 
quantities  A,  B«  and  C  are  in  reality  the  dp  reflection  coefficients, 
which  can  be  related  to  a  purely  reactive  dp  input  impedance  Ert. 

C.d  .  From  Eq.  C. 1  it  is  clear  that  the  reactive  ccssponent  of  tee  a » 

impedance  is  s  fua  .ion  of  the  energy  stored  in  the  setwosk*  Sense,  we 

2 

have  shown  that  S~,  <«j.)  of  a  lossless  l-vo-port  network  »**»  be  described 
&1  1  «> 

by  the  stored  energy  at  that  frequency.  Rote  also  that  S^<®)  o*  Sgj  ^ 
is.  ia  gsserftl*  a  cc&ples  steamer?  A,  B.  and  £  ha«@  ualty  Eagaitude  bat  in 
gcnerel  are  escples  numbers.  Bssee,  as  we  would  expect,  the  buss rater  s®sd 
deccaieator  of  3$«  S.I8  cossplex  quantities 


_ _ _  row**  **?SMa©?>S»,rS 


APPEfDIX  D 

MATRIX  ANALYSIS  OF  BICamVE  NETWORKS 
(L.  Susraan,  Sperry  Gyroscope  Co.) 

I.  INTRODUCTION 

The  use  of  matrix  techniques  allows  one  to  formulate  and  solve 
the  transient  response  in  a  strictly  mat heaat leal  but  straightforward  way 
and  has  the  advantage  of  being  .a  fawiiisr  technique  to  microwave  engineers. 
Toe  formulation  presented  below  is  based  or:  the  use  of  a  scattering  matrix 
description  of  the  microwave  network,  and  follows  closely  the  development 
of  Laemmel,'4^ 

The  scattering  matrix  formulation  is  utsed  to  compute  the  overall 
scattering  representation  of  a  cascade  connection  of  an  n-port  and  k-port 
microwave  network  (where  in  general  n  and  k  need  not  be  identical).  It 
should  be  noted  from  the  outset  that  the  scattering  matrix  used  here  is  a 
representation  of  the  microwave  network  that  is  valid  over  all  of  o».  This 
differs  substantially  frotr  the  scattering  ssstrix  techniques  eost  often  en¬ 
countered  by  microwave  engineers -where  a  single  frequency  representation 
of  the  device  is  usually  used. 

11.  INTERCONNECTION  OF  NETWORKS 

Given  an  N-port  network  and  an  K-port  network,  each  described 

u  k 

by  scattering  matrices  S-  and  S  ,  respectively,  we  are  interested  in  find¬ 
ing  the  scattering  matrix  S  of  the  network  forreed  when  k  of  the  a  ports 

?re  connected  to  K  of  the  a  ports  (as  shown  in  Fig.  D-ln)  to  fora  an 

NNNNMSMM 

(n  +  m  -  2k)-port  network.  Let  bj«  a.^  bg,  ^  ai*  ^2‘  a2  1,6  ***e 
n-k,  k,  k,  and  m-k  column  vectors  denoting  the  variables  of  networks  N 
and  H. 
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are  the  scattering  matrices  of  the  artworks  f*i  asd  &.  the  networks 

are  interconnected  as  chows  in  Figure  O-Ib, 


b 


n 

2 


and 


(D.2) 


Matrix  S  £o?  the  overall  satnx  eas  b©  wsHtea  ia  tss  forra 


co.a> 


U-2 


V. 


Frcsa  equations  0.1  and  D.2  it  follows  that 


r  B-j  _  r  Jh  _  rcN  N,  .  rQN  N,  J  S  .  J  J  £  ,  c&S  M 

[ax3  “  i>23  [S2i  ^  ^S22  "  ®21  8  1  ^  *22  S11  1  S?,2  S12  *2 


or  (De 4) 

c*  ■  C*  -  4  {4  •? *  4  4  A) 

In' a  siniler  way,  a^  can  be  found  to  be 

c*  -ex -4  4j*1  (4  4  •? ♦  4  4} 

Froa  Eqs.  D.4  and  D.5  we  arrive  at  the  fiac.1  result  for  the  overall 
scattering  oatrix  S*  i.@.. 


! 


III.  ANALYSIS  OF  SPECIAL  CASES 


Consider  the  cascade  of  two  ports  shown  in  Fig,  D-2.  Then  iron 
Eq,  D.6  the  overall  scattering  matrix  is  simply 


Consider  the  cascade  connection  shown  in  Fig.  D-3.  Here  the  two 
networks  are  identical  and  are  interconnected  to  form  a  symmetric  strvxture. 
It  is  easy  to  see  that  the  scattering  matrix  for  the  individual  networks  can 
be  written  for  network  I  as 


and  for  network  II 


Ir  than  foiled  ft os>  Eq.  0.6  that  the  overall  Scattering  natrf*  is  gives 

by 


This  particular  matrix  was  shown  to  be  ox  considerable  value  in  the  analysis 
o £  the  sidewall  soapier  (see  Sec.  5.3). 
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IS.  ABSTRACT 

The  purpose  of  '.hi a  study  Is  to  investigate  the  transient  behavior  of  non- 
reciprocal  ferrite  devices  anc  coupled  networks  which  are  used  in  wideband  radar 
and  communications  systems  to  process  signals  having  wideband  spectral  content.  ThitJ 
Investigation  should  lead  to  a  better  under standing  of  tiw  1 imitations  imposed  by 
the  use  of  these  components. 

This  filial  report  is  divided  into  three  major  corpomnt  study # areas.  luey  are 
(a/  nonreciprocal  ferrite  devices  (e.g. ,  isolators,  circulators)*  ^b)  coupled  ISM- 
bo-36  networks  (e.g. ,  the  quazter-vaveleagths  or  parallel -lire  coupler)  and  (c) 
coupled  waveguide  networks  (e.g.,  the  sidewall  coupler).  In  addition,  a  major  sub¬ 
section  is  oavoted  to  determining  the  utility  of  describing  the  transient  behavior 
of  a  microwave  network  by  a  single  paramter  in  the  frequency  domain,  namely,  "the 
bandwidth  “ 

New  methods  si's  introduced  to  evaluate  transients  in  microwave  networks  in 
both  the  study  erf  ferrite  and  waveguide  networks;  in  the  fona&r  area  a  nrf.croatrip 
circulator  is  suggested  for  wideband  application-  A  new  definition  of  effective 
bandwidth  for  microwave  networks  is  offered  which  considers  energy  stored  in  the 
modes  of  the  device.  Finally,  a  novel  class  of  parallel -line  couplers  whose 
impulse  response  i*»  fttsa  LUziteA  is  introduesds  the  iaspalwe  response  consists  of 
Two  (falayvd  iitspulses. 

Both  the  theoretical  and  experimental  portions  of  this  study  employ  a  time 
domain  analysis  &$  opposed  to  the  conventional  frequency  domain  approach.  It  Is 

|  shown  that  a  tic.'  dcasain  analysis  yields  considerable  insight  and  suggests  osv 

1  uatwork  jsod&ls  The  nmsureraeut  and  analysis  techniques  presented  in  this  suudy  f-rri 
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